Mathematica 11.3 Integration Test Results

Test results for the 286 problemsin "1.1.3.3 (a+b x"n)"p (c+d
x"n)*q.m"

Problem 30: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
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Optimal (type 2, 16leaves, 1 step):

o x
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Problem 34: Result more than twice size of optimal antiderivative.
J(a+bx3)m (c+dx?)Pax

Optimal (type 6, 79leaves, 3 steps):

NERR dx3)P 4 bx* dx3
x(a+bx3)m[1+ J (c+dx3)p[1+ } AppellFl[ =, -m, -p, —, ———, - ——
a c a
Result (type 6, 172 leaves):
1 4 bx* dx?
[4acx (a+bx®)" (c+dx?)P AppellF1[ =, -m, -p, —, - ——, - —| /
3 3 a C
1 4 bx* dx3
4acAppellF1[f, -m, -p, —, ———, - }+
3 3 a c
3 4 7 b x3 dx3
3x> |[bcmAppellFl[—, 1-m, -p, —, - ——, - |+
3 3 a C
4 7 bx* dx?
adpAppellFl[—, -m, 1-p, =, - ——, - —|
3 3 a c

Problem 37: Result more than twice size of optimal antiderivative.

J(c+dx3)q ix

a+bx3

Optimal (type 6, 57 leaves, 2 steps):

x (c+dx?)9 <1+ dci)quppellFl[i, 1, -q, ;i, _be —dxa]

a C

a

Result (type 6, 162 leaves):

- 1 4 dx>  bx?
4acx (c+dx?)%AppellF1|—, -q, 1, f,——,_—]/
3 3 C a
3 1 4 dx3 b x3 3
(a+bx?) |4acAppellFl|—, -q, 1, —, - ——, - | +3x* |adq
3 3 C a
4 7 d x3 b x3 4 7 dx3 b x3
AppellFl[—,1-q,1, —, -——, - ——] -bcAppellF1[—, -q, 2, —, - ——, - —|
3 3 C a 3 3 C a

Problem 38: Result more than twice size of optimal antiderivative.

J(c+dx3)q ix

(a+bx3)2

Optimal (type 6, 57 leaves, 2 steps):

X (C+dX3)q <1+ dcl3>7qupellF1|:§’ ZJ _qJ ;iJ _MJ _M:I

a2
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Result (type 6, 162 leaves):

[4acx (c+dx3)qupe11F1[1, 2, -q, ﬂ, -—, -]
3 3

“a+bxﬁ2

1 4
4acAppellfFl[=, 2, -q, =, - ——, - ]+
3 3

3x3 |adqA 11F1i21— 7 _bx dx,
x*> |adqAppe [3,, a —» , ]

|

Problem 42: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

4 7 b x3 dx3
2bcAppellFl[—, 3, -q, —, ———, - —|
3 3 a C

j(a +bx?)" dx
Optimal (type 5, 44 leaves, 2 steps):
3ym bx3)™" . 1 4 bx®
x (a+bx?) (1+ Hypergeometric2F1[ =, -m, —, - —|
a 3 3 a

Result (type 6, 196 leaves):
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S S
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]

Problem 43: Result more than twice size of optimal antiderivative.

J(a+bx3)'" i

c+dx3

Optimal (type 6, 57 leaves, 2 steps):

x (a+bx3)" <1+ "f)fmAppellFl[%, -m, 1, ;i, _be —dxg]

C

Result (type 6, 162 leaves):

- 1 4 bx* dx3
-||4acx (a+bx?)" AppellF1[ =, -m, 1, —, - ——, - —] /
3 3 a C
3 1 4 b x3 d x3 3 4
(c+dx®) |-4acAppellF1[ =, -m, 1, —, - —, - | +3x® |-bcmAppellFi|—,
3 3 a C 3
7 b x3 dx3 4 7 b x3 dx3
i-m,1, —, -—, —7} +adAppe11F1[f, -m, 2, —, - —, —7]
3 a C 3 3 a C
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Problem 44: Result more than twice size of optimal antiderivative.
J(a+bx3)m i
(c+dx3)?

Optimal (type 6, 57 leaves, 2 steps):
x (a+bx3)" (1+ "f)fmAppellFl[i, -m, 2, :—, b

2

C

Result (type 6, 162 leaves):

- 1 4 bx* dx?
-||4acx (a+bx?)" AppellF1[ =, -m, 2, —, - ——, - —] /
3 3 a C
2 1 4 bx® dx3 4
(c+dx®)® |-4acAppellFl|—, -m, 2, —, - ——, - ——| -3x> |bcmAppellF1[—, 1-m,
3 3 a (@ 3
7 b x3 dx3 4 7 b x3 dx3
2, =, -——, -——] -2adAppellF1[—, -m, 3, —, - ——, - —|
3 a C 3 3 a C
Problem 45: Result more than twice size of optimal antiderivative.
(a+bx3)"
Ji dx
(c+dx3)3
Optimal (type 6, 57 leaves, 2 steps):
m bx3 )M 1 4 bx3 dx3
x(a+bx3) (1+T) AppellFl[;, -m, 3, ;,7T,7T]
C3
Result (type 6, 162 leaves):
1 4  bx} dx3
—([4acx (a+bx?)"AppellF1[—, -m, 3, —, ——X, ——X] /
3 3 a C
303 1 bx* dx3 3 4
(c+dx?) ~4acAppellF1[ =, -m, 3, -, -——, - ——] -3x> |bcmAppellF1][—, 1-m,
3 3 a C 3
7 b x3 dx3 4 7 b x3 dx3
3, =, -——, -——] -3adAppellF1[—, -m, 4, —, - ——, - —|
3 a C 3 3 a C

Problem 46: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

( 3y -1 3y -1e 24
J a+bx ) 3bc-3ad (c+dx ) 3bcsad dX

Optimal (type 3, 53 leaves, 1step):

X (a+bx3)’3bfﬁ (c+dx3)ﬁ

ac
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Result (type 6, 594 leaves):

ad

4acx (a+bx3)fsbiﬁ (c+dx3)m

1 bc ad 4 b x3 d x3
dAppellFl[f, , 1+ ,7,,7177]/
3 3bc-3ad -3bc+3ad 3 a C
3 1 bc ad 4 b x3 dx3
(c+dx?) 4ac(—bc+ad)AppellF1[—, — 1, —, -, -] +
3 3bc-3ad -3bc+3ad 3 a C
3 4 bc ad 7 b x3 dx3
x> |ad (3bc-4ad) AppellF1|—, , 2+ T I
3 3bc-3ad -3bc+3ad 3 a C
) 2 4 bc ad 7 b x3 d x3
b% ¢ AppellF1[—, 1+ L1+ , =, - , - —] N
3 3bc-3ad -3bc+3ad 3 a C
1 bc ad 4 b x3 dx3
b AppellF1[=, 1+ , ,_,,_,,_}/
3 3bc-3ad -3bc+3ad 3 a C
3 1 bc ad 4 b x3 d x3
(a+bx?) |[4ac (bc-ad) AppellF1[—, 1+ B s my -] +
3 3bc-3ad -3bc+3ad 3 a C
s (00 4 bc ad 7 b x3 dx3
x> |a® d? AppellF1[—, 1+ L1+ s s ey ] +
3 3bc-3ad -3bc+3ad 3 a C
4 bc ad 7 b x3 dx3
bc(-4bc+3ad) AppellF1[—, 2+ s s Tam——y — ]
3 3bc-3ad -3bc+3ad 3 a C

Problem 74: Result unnecessarily involves higher level functions.

_bx4) 52
[l

c-dx*

Optimal (type 4, 321 leaves, 10 steps):
b(7bc713ad)xm bX(a—bx4>3/2 )

+ +

21 d2 7d 21d3Va-bx*

b X4 b1/4 %
1- —— EllipticF[ArcSin|
a gl/4

a4 (bc-ad)® [1- 2% Ellipticpi[- L2 Apcsin[BEX], 1]
a W\/? al/4

2bY4cd3>Va-bx*

al/4 (bcad)B\/lellipticPi[M, Ar‘CSin[bl/A/X], 71}
a b o a1/4

2bl4cd*+a-bx*
Result (type 6, 385 leaves):

al/4p3/4 (21 b>c?>-56abcd+47 a? d2)

Js-1] -
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1
X [5b(-a+bx*) (7bc-16ad+3bdx*) +
105d?+a-bx*
1 1 5 bx* dx*
(25a2c<7b2c2—16abcd+21a2d2)AppellFl[— =,1, &, B }J/
4 2 4 a C
4 1 1 5 bx* dx* A
(c-dx*) S5acAppellFl[~, =, 1, =, —, —] +2x
4 2 4 a C
5 1 9 bx* dx* 5 3 9 bx* dx*
2adAppellFl| =, =, 2, —, s | +bcAppellF1] =, =, 1, =, s ]
4 2 4 a C 4 2 4 a C
5 1 9 bx* dx*
(9abc(21b2c256abcd+47a2d2)x4Appe11F1[—, =1, =, —, —]/
4 2 4 a C
4 5 1 9 bx* dx* 4
(c-dx*) |9acAppellF1|—, =, 1, =, —, — | +2Xx
4 2 4 a C
9 1 13 bx* dx* 9 3 13 bx* dx*
2adAppellFl[~, —, 2, —, —, — | +bcAppellF1][~, =, 1, —, —, —
4 2 4 a C 4 2 4 a C

Problem 75: Result unnecessarily involves higher level functions.

(a-bx*)*?

J S ax
c-dx*

Optimal (type 4, 277 leaves, 9 steps):

bx V3 b at/4p¥4 (3bc-5ad) ll—ba—x4 EllipticF[Ar‘cSin[%}, 1]
N

> 3@ a bxt
a1/4 (bC—ad)erlllptlcpl[ ADC AI"CSln[b’ X}, _1]
\/7 a1/4
+
2b4cd?Va-bx*

a4 (bc-ad)? [1- bxt EllipticPi[M, Ar‘cSin[bl/#], -1]
a Vb e al/*

2bY4cd?a-bx*

Result (type 6, 419 leaves):

-
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5 1 1 5 bx* dx*
x|-||25a%c (—bc+3ad)AppellF1[f =1, S,y ] /
4 2 4 a C
1 1 5 bx* dx* 4 5 1 9 bx* dx*
5acAppellFl[~, =, 1, —, B | +2x* |2adAppellF1| =, =, 2, —, s |+
4 2 4 a C 4 2 4 a C
5 9 bx* dx*
bcAppellFl[~, =, 1, =, —, —— +
4 4 a C
5 1 9 bx* dx*
(b [—9ac (-2bcx*+5bdx®+5a (c-2dx*)) AppellF1[=, =, 1, =, —, — | -
4 2 4 a C
9 1 13 bx* dx*
10x* (a-bx*) (c-dx*) |2adAppellF1[=~, =, 2, —, —X, —X} +
4 2 4 a C
9 3 13 bx* dx*
bcAppellFl[~, =, 1, —, —, —] /
4 2 4 a C
5 1 9 bx* dx* s 9 1 13 bx* dx*
9acAppellFl| =, =, 1, =, —, — | +2x* |2adAppellF1[~, =, 2, —, —, — | +
4 2 4 a c 4 2 4 a c
9 3 13 bx* dx*
bcAppellFl[* -1, — —, })]]]/ (15d\/a—bx4 (7c+dx4)
4 2 4 a C
Problem 76: Result unnecessarily involves higher level functions.
Vva-bx*
Jidlx
c-dx*
Optimal (type 4, 240 leaves, 8steps):
al/4p¥4 [1- 2% E11ipticF[Arcsin[2ix], _1]
a al/4
dvVa-bx*
a/* (bc-ad) [1- ElllptlcPl[ Vo /d Ar‘cSm[ ], -1]
Vo e
2bY4cd+va-bx*
a4 (bc-ad) [1-° EllipticPi[ 2 Arcsin[22X], —1]
a Vb e al/4
2b¥4cd+va-bx*
Result (type 6, 155leaves):
1 1 5 bx* dx*
—([Sacxﬂa—bx4 AppellFl|~, - =, 1, —, X s X ] /
4 2 4 a C
. 1 1 5 x4 dx* .
(c-dx*) -5acAppellFl[~, - =, 1, =, —, —] +2x
4 2 4 a C
5 1 9 bx* dx* 5 1 9 bx* dx*
-2adAppellF1[~, - =, 2, =, s | +bcAppellF1| =, =, 1, =, s
4 2 4 a C 4 2 4 a C
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Problem 77: Result unnecessarily involves higher level functions.

1
dx
J\/abx4 (c-dx*)
Optimal (type 4, 162 leaves, 5steps):

al/4 [1- %% EllipticPi[- % Ar‘cSm[ - }, -1]

2bY4c+a-bx*

a1/4\/IEllipticPi[M’ Ar\csin{bl//dx}, _1]

2 Vo e a1/4
2b4ca-bx*

Result (type 6, 156 leaves):

1 1 5 bx* dx*
5acxAppellFl|~, =, 1, =, —, —}/

+

4 2

2 4 1 1 5 bx* dx*
Ja-bx* (-c+dx*) |5acAppellF1[~, =, 1, =, —, — ] +
4 2 4 a C
5 1 9 x4+ dx* 5
2x*|2adAppellF1| =, =, 2, =, —, —| +bcAppellF1| =,
4 2 4 a C 4

Problem 78: Result unnecessarily involves higher level functions.

J(a—bx“)”12 (c-dx*) o

Optimal (type 4, 281 leaves, 9 steps):

. b3/4 F EllipticF [ArcSln[ 1‘:4)( } 4 ’1}

N
bc—ad Vva-bx* 2a3/4(bc—ad)\/a—bx

at4d [1-°* EllipticPi[- Dl Ar‘cSm[b’ X] -1]

2bl4 ¢ (bcfad) Vva-bx4

al/4d [1- 2% EllipticPi] QZ Ar‘cSm{b’1 ], -1]

2bl/4 ¢ (bc—ad) Vva-bx*

Result (type 6, 329 leaves):
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5 bx* dx*

1
7,117 RN R
2

3 3
4 a C
5 bx* dx*

-, R ]4—2X4
4 a C

b
—- (25c (bc-2ad) AppellFi[~,
a

[(c—dx“)

5 1 9 bx* dx* 3
AppellFl| =, =, 2, =, —, —| +bcAppellF1|[~, =, 1,
4" 2 4" a 2
4 a C

] /((c—dx“) (9ac
9 bx* dx*

9 bx* dx*
> T T —} +2X4

4 a C

1
a’

5acAppellFl|—,

1
—, 1, 2ad
2

1
a’

» |
A~ O
-
o
X
»
.
a
x
H

(9 bcdx*AppellFi| =,

) )

1
NE) 1:
2

>
a’

AppellFl[ =, =, 1

& v
N |
(o]
=
w
(o

x

»
Q

x

»

2adAppellF1|~

I
I
o

o)

9 3 13 bx* dx*
b c AppellF1[~

:7)11 > >

22 e c})})]]/[m(-buad)\/m

Problem 79: Result unnecessarily involves higher level functions

1
J(a—bx“)S/z( dx

c—dx“)

Optimal (type 4, 334 leaves, 10 steps):

b x b(5bc-11lad) x

+ +
a(bc-ad) (afbx“)y2 12 a2 (bcfad)zx/afbx4

b>4 (5bc-11ad) [1- 2% EllipticF[ArcSin| b;,ﬂ , -1]
a

/

N
12 a7/4 (bc:—ad)2

a-bx*

at/4d? [1- % EllipticPi|- AD% Ar‘csln[ }, -1]

2bl4 ¢ (bc—ad)zx/a—bx4

al’4d? |1 = EllipticPi % Ar‘cSln[b/ x]’ 71}
C

1/4

+

2bY4c (bc-ad)*va-bx*
Result (type 6, 396 leaves):

| 9
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5b(13a*d+5b2cx*-ab (7c+11dx*))

X +
—a+bx*
5 - 1 1 5 bx* dx*
25ac (5b*c®-11abcd+12a>d*) AppellF1[—, —, 1, =, —, —]/
4 2 4 a C
4 1 1 5 bx* dx* 4
(c-dx*) |[5acAppellfF1|~, =, 1, =, —, — | +2x*|2ad
4 2 4 a C
5 1 9 bx* dx* 5 3 9 bx* dx*
AppellF1[=, =, 2, =, —, — | +bcAppellF1[~, =, 1, =, —, ——
4 2 4 a C 4 2 4 a C
. 5 9 bx* dx*
9abcd (-5bc+1lad) x*AppellFl[ =, =, 1, =, —, —]/
4" 2 4 a2 c
4 5 1 9 bx* dx*
(c-dx*) 9acAppellFl|[ =, =, 1, =, —, — | +
4 2 4 a C
4 9 13 bx* dx*
2x* |2adAppellFl[~, =, 2, —, —, — | +
4 2 4 a C
9 3 13 bx* dx*
bcAppellFl[f, -1, —, —, 7} ])]]/(60a2 (bc—ad>2 la-bx*
4 2 4 a C

Problem 80: Result unnecessarily involves higher level functions.

dx

J(aerx“)”2

c+dx*

Optimal (type 4, 926 leaves, 10 steps):
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(bcfad)”zAr‘cTan[;L"’aCIX ]

(7bc+ad)3/2Ar'cTan[—meadx ]

bx+a+bx* (—o)V4dv4[asbxt (o) ¥4 a4 [abxt
34 4 (~c)3/4d7/4 4 (—c)34d7/4
a+bx* b4 x, 1
bw4(3bc_5ad><vg_+v3_ﬁ) EllipticF[2ArcTan| B f}//
(Voo %) a2

(6a1/4d2w/a+bx4)+ b4 (Vo V"¢ ~va Vd (bcad)z(\/?+\/Fx2)\l

b1/4 % ]
14 37

EllipticF [2 ArcTan [
a

H“(v?'f«:+vG'Jd)(bcadf(v5+v3%)J

b1/4X 1
[ -]

a1/4 2

EllipticF[2ArcTan|

(Vo = a7 (be-ad)? (\/?+\mx2)J

(Vo Ve -va Va)?

b1/4 %

1
- , 2ArcTan| ], =
2

al/4

4+a \b /-c Vd
(Vb Ve ~va V@) be-ad)? (Va /b €

b1/4X

(\/F\/,c +\E\H)2 1
, 2ArcTan| 1> =]
4-/a b \/-c \/d al/4 2

Result (type 6, 435 leaves):

i} /(4a1/4\/Td2 (bc+ad) Ja+bx?*

/(4a1/4\/7c d? (bc+ad) \Ja+bx?

a+bx*

W?+\/FX2)2

+

a+bx?*

e

+

] /(Sal/“bl“‘cd2 (bc+ad)/a+bx*

a+bx?

NERCEN

EllipticPi|

+

a+bx?

(\EM/FXZ)z

EllipticPi|

/(Sal“‘bl/“cd2 (bc+ad) yJa+bx*
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5 1 1 5 b x* dx*
x||25a c(—bc+3ad)Appe11F1[f, =,1, =, , - ]/
4 2 4 a C
1 1 5 b x* d x4 4
5acAppellFl[~, =, 1, =, - , - | -2x*|2ad
4" 2 4 a C
5 1 9 b x* dx* 5 3 9 b x*
AppellFl[ =, =, 2, =, -——, - ——| +bcAppellF1[~, =, 1, =, - —,
4 2 4 a C 4 2 4 a
5 1 9 x4 d x4
(b[—Qac(Sa(c+2dx4)+bx4(2c+5dx4))Appe11F1[, =1, S, e, -]+
4" 2 4 a C
9 1 13 b x* dx*
10x* (a+bx*) (c+dx*) |2adAppellFl[~, =, 2, —, - ——, - — | +
4 2 4 a C
9 3 13 b x* d x4 5 1
bcAppellFl[f, -1, — - R —7] / —9acAppellF1[f, —,
4 2 4 a C 4 2
9 b x* dx* . 9 1 13 b x* dx*
1, =, - ——, -—— ] +2x*|2adAppellF1[~, =, 2, —, - ——, - — | +
4 a C 4 2 4 a C
9 13 bx* dx* e
bCAPPEIlFl[*; e 1: T T T s~ } ])]/(15(1 a+bX4 (C+dx4>
4 2 4 a C

Problem 81: Result unnecessarily involves higher level functions.
J\/a+bx4 4

c+dx?

X

Optimal (type 4, 881 leaves, 9steps):
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Vbc-ad Ar‘cTan[—\m} v-bc+ad Aman[m

() 1/3 44 \[arbxt (-0)¥4 a4 \[arbxt
- +
4 <7C>3/4 d3/4 4 <7C>3/4 d3/4
b3/4 (x/a +/b x2) et EllipticF[ZAr‘cTan[bl/#], ]
(ﬁ+ﬁxz)z av/ 2
2at4d+a+bx?*

4 (5 E ) (o e WW”J(F?)Z
a +Vb x?

1/4
Ellip'ticF[ZAr‘cTan[b X], E} /(4a1/4\/7c d(bc+ad)+/a+bx*

a1/4 2

(bc-ad) (\/?+\/sz) Lélz
o o]

1/4
Ellip'ticF[ZAr‘cTan[b 1/4)(], l} / (4a1/4d (bc+ad)~Ja+bx*
a 2

(VB Ve Va v | (be-ad) (Va v ] |22 ennipeices
e

(\/FF—\/;\H)Z bl/4 x
_ , 2ArcTan |

ava /b Vo

],5] /(8a1/4b1/4cd(bc+ad)xla+bx4 -
2

(Wﬁ’ﬁﬁ)z (bc-ad) (Va +vb X B ELE EllipticPi|
et
(\:F\/?\/;Jr\/\ig) , ZAPCTan[bali;X}’ 1] /(8 a4 b4 cd (bc+ad) W

2

Result (type 6, 161 leaves):

1 1 5 bx* dx*
[Sachaerx4 AppellFl[~, - =, 1, f,f—,f—]/
4 2 4 a C
. 1 1 5 b x* d x4 4
(c+dx*) |5acAppellFl|—, - =, 1, =, - —, - | +2x*|-2ad

4 2 4 a C

5 1 9 x4 dx* 5 1 9 b x* dx*

AppellFl[ =, - =, 2, =, - s | +bcAppellF1] =, =, 1, =, - y =]
4 2 4 a C 4 2 4 a C
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Problem 82: Result unnecessarily involves higher level functions.

1
dx
J\/a+bx4 (c+dx4)

Optimal (type 4, 742 leaves, 7 steps):

_ +Jbecadx _ +-bcrad x
d¥/4 ArcTan | bead x | d¥4ArcTan| berad x ]
(~c) V4 dV/4\[a+b x* (—c) V4 dV4 [ a+b x*

- +

4 (-c)3*+/bc-ad 4 (-c)3*+/-bc+ad

b1/4

W+WJ (H+Wx2) _asbxt EllipticF[zArcTan[bmx], 1} /
— (\E+sz)z al/4 2

(4a1/4(bc+ad)\/m « b4 (Vo cova Ve Vd | (Va « /b %)

4 1/4
(\ﬁaJr—\t?z)z EllipticF[ZAr‘cTan[bal/:(], ; /(4a1/4c(bc+ad) Ja+bxt |+
a +Vb x
4
(Vb Ve v Va) (Va Vb ) | P enprices|
(Va +vb )
Vb Ve -Va vd)’ va
_( e \/_) ,2Ar‘cTan[b1/4x],l] /(8a1/4b1/4c<bc+ad)\/m +
4+/a \/b \/-c +d a 2
a+bx*

EllipticPi|

(Vo Ve -Va Vd )" (Va +vb x) | —
(Va +b %)

(\/F\/TJr\/;\/F)Z b4 x, 1 1/4 p1/4 4
2va Vb v ¢ Jd , 2ArcTan| e B 2] /(Sa b1/ C(bc+ad)\/m

Result (type 6, 161 leaves):

1 1 5 b x* dx*
- 5achppe11F1[—, - 1, —,f—,*—}/
4 2 4 a C

2 . 1 1 5 bx* dx* 4
\Ja+bx* (c+dx*) |-5acAppellF1[~, =, 1, =, -——, - —| +2x*|2ad
4 2 4 a C
5 1 9 b x* dx* 5 3 9 b x* dx*
AppellFl[ =, =, 2, =, -——, - ——| +bcAppellF1[~, =, 1, =, - ——, - ——
4 2 4 a C 4 2 4 a C
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Problem 83: Result unnecessarily involves higher level functions.

J 1 dx
(a + bx“)3/2 (c +d X4>

Optimal (type 4, 913 leaves, 10 steps):

d>/4 ArcTan| —\@] d>/4 ArcTan| m]
b x (—c)l/“ dl//“\/m (cy1/e dl/“\/m
+ _
2a(bc-ad)Va+bx* 4(-c)¥* (bc-ad)*? 4(-c)¥* (-bcrad)®?

0% (va /b ) menipticF[zArcTan[%], 5]

4 35/4 (bc—ad) Va+bx*

b4 [\/F+\/?\/?J d (\/?Jr\/gxz) _avbxt EllipticF[ZAr‘cTan[bmx}, l] /
< (\/?+\/FX2)2 a1/4 2

(4a1/4 (bc-ad) (bc+ad) \Ja+bxt | -

b1/4(\/FC+\/?\/T\/?)d(\/?+\/FXZ) _avbxt
o]

1/4
Ellip'ticF[ZAr‘cTan[b 1/4)(], l} /(4a1/4c (b*c?-a*d?) \Ja+bx* | -

a 2

(VB e o3 Vd) (vawxz)J“bX“

(Va «vb x|’
(Vb V¢ -Va Vd|* b4x, 1
E1lipticPi[- » 2ArcTan I /
4~/a Vb /¢ Vd alit "t 2

(Sal“‘bl/“c (bc—ad) (bc+ad) \Ja+bx* | - (\/F\/T—\/?\/?)Zd(\/?+\/yx2)

EllipticPi[ , 2Ar‘cTan[

[Va B )’ 4z b d e o)/

[8a1/4b1/4c (bc-ad) (bc+ad)+/a+bx*

Result (type 6, 342 leaves):

Ja*bx“ (Wﬁ“/a_\/d_)z bl4x. 1
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5b 1 1 5 b x* dx*
X|-=—=+|25c(bc-2ad) AppellFl[~, =, 1, =, - y -] /
a 4 2 4 a C
4 1 1 5 b x* d x4 . 5
(c+dx*) |-5acAppellF1[~, —, 1, =, - , - | +2x* |2adAppellF1| =, —,
4 2 4 a C 4 2
9 b x4 d x4 5 3 9 b x4 d x4
y Ty, —, - | +bcAppellFl| =, =, 1, =, - ——, - —| +
4 a C 4 2 4 a C
4 5 1 9 b x* d x4 .
9bcdx*AppellFi[~, -, 1, f,—f,—i]/ (c+dx*) |-9acAppellFi|
4 4 a c
5 1 9 b x* dx* 4 9 1 13 b x4 d x*
=, =1, o, -, - —— | +2x*[2adAppellF1[ >, =, 2, —, - ——, - —|
4 2 4 a C 4 2 4 a C
9 3 13 b x* d x4
bcAppellFl[f, - 1, 7,_7,_7] ]]]]/(10(—bc+ad) «/a+bx4)
4 2 4 a C

Problem 84: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx4)5/2 (c+dx*)

Optimal (type 4, 976 leaves, 11 steps):
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b x b(5bc-11ad) x
+
Galbcad) (a+6x)°7 123 (bc-ad) /asbxt
d®/4 Ar‘cTan[M] 4o/4 Ar‘cTan[m}
(—c)l/"‘dl/"\/m (*C)l/“dl/“m

- +

4 (-c)¥*(bc-ad)*? 4 (-c)¥* (-bc+ad)®?
4 1/4
b** (5bc-11ad) (\/?+\/Fx2) oAb EllipticF[2ArcTan| x], l] /
(\/?+Wx2)2 at/t 2

+

(24a9/4 (bc—ad)lea+bx4

a+bx*

b4 (Vb e -2 Vo Vd | d (Va « b ) |
e o e

1/4
Ellip‘cicF[ZAr‘cTan[b X],l} /(4a1/4c(bc—ad)2<bc+ad) Ja+rbxt |+

a1/4 2

a+bx?*

b4 (Vb v/ e VA | é (Va e vb ) | 2
o el

+

1/4
Ellip‘cicF[ZAr‘cTan[b X],l} /(4a1/4c(bcfad)2<bc+ad) Ja+bx*

a1/4 2

(\/F\/?+\E\H)2d2 (\/;+\mxz) J _a+bxt

(Va +vb %)’
(Vb V=c -va Vd ) b/4x, 1
EllipticPi|- » 2ArcTan| [ ~] //
4~/a Vb /—c Vd alit no2

(Sal“‘bl/“c (bc—ad)2 (bc+ad) W + (\/F\/T—\/?\/F)zdz (\/?+\/?x2)

EllipticPi|

, 2ArcTan| ) 1} //
(\H+Wx2)2 4+/a Vb /-c Vd al/4 2
(8a1/4b1/4c(bc—ad)2<bc+ad) vJa+bx*

Result (type 6, 406 leaves):

\I a+bx?* (\/F\/TJr\/a—\/d—)z bl/4 x
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5b(-13a%d+5b%cx*+ab (7c-11dx*))

X +
a+bx*
) 2 - 1 1 5 b x4 d x4
25ac (5b*c®-1labcd+12a*d’) AppellF1[~, —, 1, =, - —, - —] /
4" 2 4 a c
4 1 1 5 b x* dx* 4 5 1
(c+dx*) |5acAppellfFl|~, =, 1, =, -——, - ——| -2x* [2adAppellFi[~, —,
4 2 4 a C 4 2
9 b x* d x* 5 3 9 b x* dx4
2, =, -——, -——] +bcAppellF1| =, =, 1, 7,-—,-—
4 a C 4 2 4 a
5 9 b x4 d x4
9abcd (-5bc+11ad) x*AppellF1[~, =, 1, =, - ——, - —| /
4" 2 4 a c
4 5 1 9 b x* dx*
(c+dx*) |-9acAppellF1[~, =, 1, =, - —, - — | +
4 2 4 a C
9 1 13 b x* d x*
2x* |2adAppellFl[~, =, 2, —, - —, - — | +
4 2 4 a C
9 3 13 b x* dx*
bcAppellFl[f -1, f,—i,—i] ])]]/(GOa (bcfad)zﬂla+bx4
4 2 4 a C

Problem 85: Result unnecessarily involves higher level functions.

foer

c—dx“)2

Optimal (type 4, 426 leaves, 11 steps):
b (77b2c?-122abcd+21a*d?*) xVa-bx*

+

84 cd?
b(llbcf7ad)x(a7bx4)3/2_(bcfad)x(afbx“f’/z+ 1 A1/ 3/
28 c d? 4cd(c—dx4) 84cd*Va_bx
b x4 o . bY4x
(231b*>c®-553ab’>c?d+349a’bcd®+21a°d®) [1- —— EllipticF[ArcSin| T -1] -
a a
1/4
a¥* (bc-ad)® (11bc+3ad) EllipticPi[—M, Ar‘cSin[b X}, -1] /
\/?\/? a1/4
(8b1/4c2d4\/a—bx4 -
1/4
a* (bc-ad)® (11bc+3ad) EllipticPi[ﬁ://E, Ar‘cSin[b 1/4X], 1] /
b Vc a

(Sbl/4 c2d*+/a-bx*

Result (type 6, 580 leaves):
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1

420d*+a-bx* (c—dx“)

1 1 5 bx* dx*
x ||25a? (77b°c®-155ab? c?d+63a*bcd? +63a° d) AppellFl][~, —, 1, ~, —, — /

4 2 4 a C

1 5 bx* dx*

SacAppellFl[~, —, 1, =, —, — ]+
4" 2 4" a c
4 5 1 9 bx* dx* 5 3 9 bx* dx*
2x*|2adAppellF1| =, =, 2, =, —, — | +bcAppellF1[~, =, 1, =, —, — ||| +
4 2 4 a C 4 2 4 a C

[9ac (1@5a4d3+a2b2cd (775c—494dx4) -63a®bd? (5c+2dx4) +

2b4cx4(77c2—110cdx4—30d2x8)+ab3c(—385c2—2cdx4+520d2x8))
5 1 9 bx* dx*

AppellFl[ =, =, 1, —, s | -10x* (~a+bx*)
4 2 4 a C
(-63a*bcd*+21a’d’>+ab’cd (155c-92dx*) +b’c (-77c*+44cdx* +12d*x®))
9 1 13 bx* dx* 9 3 13 bx* dx*
2adAppellFl| =, =, 2, —, s | +bcAppellF1][ =, =, 1, =, B ] /
4 2 4 a C 4 2 4 a C
5 1 9 bx* dx* . 9 1
C 9acAppellF1[—, -1, -, — —} +2X 2adAppe11F1[—, -, 2,
4 2 4 a c 4 2
13 bx* dx* 9 3 13 bx* dx*
—_, —, —} +bcAppe11F1[f, -1, —, —, —]
4 2 4 a C

4 a C

Problem 86: Result unnecessarily involves higher level functions.
J (a - l’)X“)S/2 dx
(c-dx*)?

Optimal (type 4, 365 leaves, 10 steps):
b(7bc73ad)xx/m (bcfad)x(afbx“)”z 1
12 c d? 4cd(c—dx4) 12cdVa b

4 b1/4X

at/*p** (21b*c?-26abcd-3a%d?) [1- ox? EllipticF [ArcSin| , -1+
a Jl/4
4 1/4
a4 (bc-ad)? (7bce3ad) |1- 2 Eripticpi[- Y29 ancsin[® *1, -]/
a \/F\/? a1/4
(Sbl/“czdg’\/afbx4 +
4 1/4
a¥* (bc-ad)?® (7bc+3ad) 1o EllipticPi[M, Ar‘cSin[b X}, -1] /
a \/F\/? a1/4

(Sbl/4 c2d®+/a-bx*
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Result (type 6, 491 leaves):

1 1 5 bx* dx*
_[(25a2 (—7b2c2+6abcd+9a2d2)AppellFl[— =1, =, —, })/
4 2

4 a C
1 1 5 bx* dx* s 5 1 9 bx* dx*
5acAppellFl[~, —, 1, =, —, ——] +2x* |2adAppellF1|[ =, =, 2, =, —, — | +
4" 2 4" a c 4" 2 4" a
5 9 bx* dx*
bcAppellFl[f -1, =, —, 7] +
4 a C

5 1 9 bx* dx*
AppellFl| =, =, 1, =, —, —] -
4 2 4 a C
10x4(a—bx> (-6abcd+3a’d*+b’c <7c—4dx4))
9 1 13 bx* dx* 9 3 13 bx*
2adAppellFl[~, =, 2, —, —, — | +bcAppellF1[~, =, 1, —, —,
4 2 4 a C 4 2 4 a
5 1 9 bx* dx*
c|9acAppellFl|[ =, =, 1, =, —, — | +
4" 2 4" a c
1 13 bx* dx*
2x* |2adAppellFl[~, =, 2, —, —, — | +
2 4 a c

9
b c AppellF1[ =,
4’

Problem 87: Result unnecessarily involves higher level functions.

J‘i‘ 0 X4) - dx

c—dx“)2

Optimal (type 4, 309 leaves, 9 steps):

bx* . . . pl/4
(bc-ad)x P a’4p** (3bc+ad) [1- : EllipticF [ArcSin| 31/4)(]’ -1]

+ —

4cd (c-dx*) 4cd*~a-bx
3a% (bc-ad) (bc+ad) Ellipticpi[\gﬁ, ArcSin[bali;X}, 1|/
c
(s b4 2 d?~fa-bx* | -
334 (bc-ad) (bc+ad Ellipticpi[%, Ar‘cSin[b;:jAX], -1] /
C

(Sbl/4 c2d®’+\/a-bx*

Result (type 6, 423 leaves):

> 1, E, ﬂ, ﬂ})])]]/(sedzm(-mdx“)
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" 1 1 5 bx* dx*
x|-||25a (bc+3ad)AppellF1[f -, 1, =, —, 7]/
4 2 4 a C
1 1 5 bx* dx* 4 5 1 9 bx* dx*
5acAppellFl[~, =, 1, —, B | +2x* |2adAppellF1| =, =, 2, —, s ]+
4 2 4 a C 4 2 4 a C
5 3 9 bx* dx*
bcAppellFl[~, =, 1, =, —, —— +
4 4 a C
5 1 9 bx* dx*
(—Qac(5a2d+2b2cx4—ab(5c+6dx4))Appe11F1[, =1, =, —, —] -
4 2 4 a c
0 (-bc+ad) x* (a-bx?)
9 1 13 bx* dx* 9 3 13 bx* dx*
2adAppellFl[—, =, 2, =, —, ——] +bcAppellF1[—, =, 1, —, —, —| /
4 2 4 a C 4 2 4 a c
5 1 9 bx* dx*
c|9acAppellFl|[=, =, 1, -, s |+
4 2 4 a C
9 1 13 bx* dx*
2x* [2adAppellF1[~, =, 2, —, —, — | +
4 2 4 a C
9 3 13 bx* dx*
bcAppellFl][~, =, 1, —, B }J])]]/(Z@d«/a_bx“ (-c+dx*)
4 2 4 a C

Problem 88: Result unnecessarily involves higher level functions.

Jm

(c-dx*)?

dx

Optimal (type 4, 276 leaves, 9 steps):

1/4 |3/4 bx* s s [ b4 x
NPy al/4p3/4 |1- N ElllpthF[Ar‘cSm[ oy }, —1}

+

4c(c-dx*) 4cdva-bx*
a4 (bc-3ad) |1 E111pt1cP1[ DJE Arcsln[ ], -1]
8b4c?d+a-bx*
a4 (bc-3ad) [1- bxt EllipticPi[M, ArcSin[w], -1]
a \/F\/? al/4
8bl4c2d+/a-bx*

Result (type 6, 310leaves):
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5 (a-bx*
o3 )
C
1 1 5 bx* dx* 1 5 bx* dx*
75a% AppellFi[ =, =, 1, =, —, —| / S5acAppellFl[~, =, 1, =, —, — ] +
4 2 4 a C 4 2 4 a C
5 9 bx* dx* 5 9 bx* dx*
2 X ZadAppellFl[_ ) 2) T T —] +bCAppellF1[ -, 1, — —]
4 2 4 a C 4 4 a C
5 1 9 x4 dx*
9abx*AppellFl| =, =, 1, ~, —, —]/
4 2 4 a C
5 1 9 bx* dx* 9 1 13 bx* dx*
9acAppellFl| =, =, 1, =, —, — | +2x* |2adAppellF1[~, =, 2, —, —, —
4" 2 4" a c 4" 2 4" a c
9 13 bx* dx*
bcAppellFl[f 1, —y ——, — ]J]/(Z@xlabx“ (7c+dx4>
4 4 a C

Problem 89: Result unnecessarily involves higher level functions.
J 1

Vva-bx* (c—dx“)2

Optimal (type 4, 310leaves, 9steps):

— vapda 1o 0% E11iptick [Arcsin|P0X], -1
Y a 2 ipticF [Arc 1n[am], ]
N

dx

4c(bc-ad) (c-dx*) 4c(bc-ad)Va-bx*
4 1/4

a’* (5bc-3ad) 17b7X EllipticPi}M, Ar‘cSin[b X},fl} /
a \E\E a1/4

+

8b¥4c? (bc-ad)+/a-bx?

al/4 (5bc—3ad) 15 EllipticPi[M; Ar‘cSin[&], _1}
a Vb o al/*

8 bl/4 2 (bc—ad) Va-bx*

Result (type 6, 349 leaves):
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5d (a-bx*) 11 5 bx* dx*
X |————+|25a (-4bc+3ad) AppellFl[—, —, 1, =, s ] /
c(bc-ad) 4" 2 4" a c
11 5 bx* dx* 4
(bc-ad) |5acAppellFl|~, =, 1, =, —, — | +2x*|2ad
4 2 4 a C
5 1 9 bx* dx* 5 3 9 bx* dx*
AppellFl[ =, =, 2, =, —, — | +bcAppellF1[~, =, 1, =, —, —— +
4 2 4 a C 4 2 4 a C
4 5 1 9 x* dx*
9abdx*AppellFl[~, =, 1, =, —, —| / (-bc+ad)
4 2 4 a C
5 1 9 bx* dx* 4 9 1 13 bx*
9acAppellFl|~, =, 1, -, B | +2x* |2adAppellF1|~, =, 2, —, ,
4 2 4 a C 4 2 4 a
dx* 9 3 13 bx* dx*
——] +bcAppellFl|~, =, 1, —, —, —| ]]J/(Zew/abx“ (7c+dx4))
4 2 4 a C

C

Problem 90: Result unnecessarily involves higher level functions.

J ! dx
(a—bx“)3/2 (c—dx“)2

Optimal (type 4, 362 leaves, 10 steps):
b (2 bc+a d) X dx

4ac(bc—ad)2\/a—bx4 4c(bc—ad)\/a—bx4 (c—dx“)

b3 (2bc +ad) \/@EllipticF[Ar‘cSin[%}, -1]

4334 ¢ (bc—ad)zx/a—bx4

" 1/4
3a%4d (3bc-ad) [1- bx? EllipticPi[fM: Ar‘cSin[b X], -1] /
a Vb e at/t
3ot (e ad) ot |-
4 1/4
3a%%d (3bc-ad) [1- X2 EllipticPi[M, Af‘CSin[b x}, -1] /
5 Jb A al/4

(Sbl/“c2 (bc—ad)lea—bx4

Result (type 6, 465 leaves):
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1 5 bx* dx*
(25 (2b2c*-8abcd+3a’d?) AppellFl|[~, —, 1, —, —, —}/
2 4 a C
1 1 5 bx* dx*
5acAppellFl[~, —, 1, —, B +
4 2 4 a C
. 5 1 9 bx* dx* 5 3 9 bx* dx*
2x ZadAppellFl[_) =5 2, =, T/, —] +bcAppe11F1[—, -1, - —, — +
4 2 4 a C 4 2 4 a C
5 1 9 bx* dx*
(9ac(5a2d2—6abd2x4+2b2c(5c—6dx4))AppellF1[, =1, =, ] -
4 2 4 a C
1ox* (-a*d*+abd*x*-2b*c (c-dx*))
9 1 13 bx* dx* 9 3 13 bx* dx*
2adAppellFl[~, —, 2, =, —, — | +bcAppellF1][~, =, 1, —, —, —| /
4 2 4 a C 4 2 4 a C
5 1 9 bx* dx*
ac|9acAppellFl[~, =, 1, =, s ]+
4 2 4 a C
A 9 13 bx* dx*
2x* |2adAppellFl[~, =, 2, —, —, — | +
4 2 4 a C
9 3 13 bx* dx*
bcAppellF1[=~, =, 1, —, ) }JJ)]]/(20<bc_ad)24/a—bx4 (c-dx?)
4 2 4 a C

Problem 91: Result unnecessarily involves higher level functions.

J ! dx
(a—bx“)'r’/2 (c—dx“)2

Optimal (type 4, 439 leaves, 11 steps):



Mathematica 11.3 Integration Test Results for 1.1.3.3 (a+b x~n)”p (c+d x~n)”~q.nb | 25

b(2bc+3ad)x

.
12ac (bc—ad)2 (a—bx“)3/2
b (5b*c?-17abcd-3a?d?) x d x

12a%c¢ (bc—ad)3\/a—bx4 4c(bc-ad) (a—bx“)3/2 (c-dx*)

+

b x4 1/4 y
1- —— EllipticF|ArcSin| : ],—1}/

b>* (5b*c*-17abcd-3a*d?)
a a

+

(12a7/4c (bc—ad)3x/a—bx4

b x* a d bl/4 x

at/#d?* (13bc-3ad) [1- — EllipticPi[—Q, ArcSin| },71}/

a \/F\/? al/4

(Sbl/“cz(bc—ad)3«/a—bx4 +
b x* a d bl/4 x

al/*d? (13bc-3ad) |1- —— e11ipticpi[ L2 V9 arcsin| ],_1]/

a \/F\/C— al/a
(8b1/4c2(bc—ad)3xla—bx4
Result (type 6, 617 leaves):
1
60a2(—bc+ad)3\/afbx4 (c-dx*)
1 1 5 bx* dx*
x||25a (-5b°c®+17ab>*c®d-36a’bcd®+9a’d’) AppellFl|[~, —, 1, =, , }/
4 2 4 a C
1 5 bx* dx*
SacAppellFl[~, —, 1, =, —, —] +
4 2 4 a C
a 5 1 9 bx* dx* 5 3 9 bx* dx*
2x* [2adAppellF1[~, =, 2, =, B | +bcAppellF1[~, =, 1, =, B e

4 2 4 a C 4 2 4 a C

[Qac (15a*d>-33a’bd®x*+5b* ?x* (5c-6dx*) +a*b*d (95c*-112cdx* + 18d* x¥) +

5 1 9 bx* dx*
- = 1, =, > +
4 2 4 a C
10x* (3a%d®-6a°bd®x*+5b* c?x* (c-dx*) +a?b2d (19c2-19cdx*+3d*x®) +
ab3c (—7c2—10cdx4+17d2x8))

ab’c (-35c*-45cdx*+102d*x®) ) AppellF1|

9 1 13 bx* dx* 9 3 13 bx* dx*
2adAppellFl|~, —, 2, =, —, — | +bcAppellF1[~, =, 1, —, —, — /
4 2 4 a C 4 2 4 a C
A 5 1 9 bx* dx* .
c(a-bx*) |9acAppellF1[~, =, 1, =, —, — | +2x*|2ad
4 2 4 a C
9 1 13 bx* dx* 9 3 13 bx* dx*
AppellFl[ =, =, 2, —, ——, —| +bcAppellF1[~, =, 1, —, —, —|
4 2 4 a C 4 2 4 a C
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Problem 92: Result unnecessarily involves higher level functions.
J\/a +b x4

ac-bcx?*

dx

Optimal (type 3, 103 leaves, 4 steps):
ArcTan [ e ] ArcTanh [ e ]

a+b x* a+b x#
+

24/2 a1/4b1/4c 24/2 a1/4b1/4c

Result (type 6, 155leaves):

1 5 bx* bx*
S5axs/a+bx*® AppellfFi[~, - =, 1, =, - X, X ] /
4 4 a a
4 1 1 5 bx* bx*
c (a-bx* 5aAppellfFl[~, - =, 1, =, - —, +
4 2 4 a a
5 1 9 bx* bx* 5 9 bx* bx*
2bx* 2AppellF1[—, =2, =, - , ] +Appe11F1[—, =1, = - » ]
4 2 4 a a 4 2 4 a a
Problem 93: Result unnecessarily involves higher level functions.
J\/a—bx“ dx
ac+bcx?
Optimal (type 3, 116 leaves, 1step):
ArcTan[J—M x[Va /b ] ArcTanh[—(—)—b/ x[Va Vb x ]
at/4\/a-bx* al/4\/a-bx*
2a1/4 b1/4c - 2a1/4 b1/4c
Result (type 6, 155leaves):
1 1 5 bx* b x*
S5axi/a-bx* AppellFi[—, - =, 1, =, X,— X ] /
4 2 4 a a
. 1 1 5 bx* b x*
(c (a+bx*) |5aAppellF1[~, - =, 1, =, —, - —|
4 2 4 a a
5 1 9 bx* b x* 5 1 9 bx* b x*
2bx* 2AppellF1[f, -—5 2, = , —7] +App61lF1[*, — 1, = —, —7]
4 2 4 a a 4 4 a a

Problem 94: Result unnecessarily involves higher level functions.

dx

J(a+bx4)7/4

c+dx*

Optimal (type 3, 211 leaves, 10 steps):
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b** (4bc-7ad) Ar‘cTan[ibl'MX ] (bc—ad)”“Ar‘cTan[J—)—bc’ad Y x ]

b x (a +b X4> 3/4 <a+bx4)1/4 cl/4 (a+b x“)l/"’
— + —

4d 8d? 2 ¢34 d?

b3/ (4bc —7ad> Ar‘cTanh[ﬁ} (bc —ad>7/4Ar‘cTanh[M&]

(a+b x“)l/4 /4 (asb x“)i/4

+

8 d2 2 C3/4 d2

Result (type 6, 396 leaves):

5 5 1 9 b x* dx*
i _[(36abc(—4bc+7ad)x AppellFl[—, =, 1, —,_—,_—] /
80 4 4 4 a C
4 4
{d (a+bx4)1/4 (c+dx*) —9acAppellF1[E, 1, 1, g, —b—X, _d_x] +x* |4adAppellF1|
4’ 4 4 a c
9 1 13 bx* dx* 9 5 13 bx* dx*
=, =, 2, —, -——, -——] +bcAppellF1[~, =, 1, —, - ——, - —| ])]Jr
4’ a4 4 a c 4’ a4 4 a c
bc_ad)4
5/4bc** (bc-ad)Y*x (a+bx*)**+2a (-bc+4ad) ArcTan| (be-ad)""x ]+
1/4 4
c (b+ax)1/4
bc-ad)'* bc_ad) Y4
a(bc-4ad) LOg[CIM_w]—abCLog[c1/4+M .

(b+ax4)1/4 (b+ax4>1/4
/ (c3/4d (bc—ad)1/4>

<bc—ad)1/4x

4a%dLog|ct*+
(b+ax"’>1/4

Problem 95: Result unnecessarily involves higher level functions.

dx

J(a+bx4)3/4

c+dx?*

Optimal (type 3, 173 leaves, 9steps):

// — //
b3/4Ar‘cTan[—b14X ] (bc—ad)3/4ArcTan[4—)—?cad14)‘, ]
(a+b x*)¥* /4 (asbx4)¥/*

+

2d 2c3/4d

b3/4 Ar‘CTanh [ bl/i] (b c-a d) 3/4 Ar‘CTanh [ M}

(a+b x“)lr/"' /% (arbx?) Y/

2d ) 2c3/4d
Result (type 6, 161 leaves):

1 3 5 b x* dx*
[Sacx <a+bx4)3/4AppellF1[f, -=,1, =, -—, })/
4 4 4 a C

. 1 3 5 b x* d x4 a
(c+dx*) |5acAppellF1[—, - =, 1, =, - , - | +x*|-4ad
4 4 4 a C
5 3 9 x4 dx* 5 1 9 b x* d x*
AppellFl[ =, - =, 2, =, -——, - ——| +3bcAppellFl[~, =, 1, =, - ——, - —|
4 4 4 a C 4 4 4 a C
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Problem 100: Result unnecessarily involves higher level functions.

(a+bx*)®*
Jidlx
c+dx?
Optimal (type 4, 316 leaves, 11 steps):
b(6bc-11lad) x (a+bx4)1/4 b x (a+bx4>5/4
- +
12 d? 6d

+

2
(\/_b”2 (6bc-11ad) (1+ e ElllpthF[lArcCot[ X ], 2] /(12d2 (a+bx4)3/4) N
2 VT
_ 1/4
bc-ad) \/7«/a+bx EllipticPi|- Vbe-ad Ar‘cSin[b—X},fl]+
bl/“cd2 a+bx? Vb e (a+bx4)1/4

ad bl/4 x
bc-ad)? \Ja+bx* EllipticPi[ ————, ArcSin[————], -1]
b1/4cd2 a+bxt Vb +/c (a+bx*)**

Result (type 6, 396 leaves):
1

X |5b <a+bx4) (—6bc+13ad+2bdx4) -

60d? (a+bx*)**

1 3 5 b x* dx*
(25a2c<6b2c2—13abcd+12a2d2)AppellFl[—, =1, =, - s ]/
4 4 4 a c
4 1 3 5 bx* dx* 5 3
(c+dx*) -5acAppellFi[~, =, 1, —, , ———| +x* |4adAppellF1| =, =
4 4 4 a C 4 4
9 b x* d x4 5 7 9 bx4 dx4
2, =, - , - | +3bcAppellFl[~, —, 1, =, -
4 a c 4 4 4
) - 5 3 9 bx4
9abc (12b?c?-30abcd+23a’d?) x*AppellFl[~, =, 1, =, - —, 7—}
4 4 4 a C
4 5 3 9 b x* d x4 9 3
(c+dx*) |-9acAppellF1[=, =, 1, =, - —, - — | +x* |4adAppellF1[ =, =,
4 4 4 a c 4" 4
13 b x* dx* 9 7 13 b x* dx4
2, =, -——, -——] +3bcAppellF1[ -, —, 1, —, - —, - —
4 a C 4 4 4 a

Problem 101: Result unnecessarily involves higher level functions.

dx

J(a+bx4)5/4

c+dx?*

Optimal (type 4, 274 leaves, 10 steps):
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. (a+bx4>1/4 Vo b (1) e EllipticF[iAr‘cCot[%], 2] 1

2d(a+bx4)3/4 2blhcd

4/ d pl/4
(bc-ad) | " \Ja+bx* EllipticPi|- vbe-ad Ar‘cSin[ix], -1] -
a+bx

\/_\/_ (a+bx4)1/4

e 1/4
— 1 bcoad) |2 Jaibxt EllipticPi[M, Ar‘cSin[bix}, ~1]
2blt%cd a+bx*

Vb Ve (a+bx4)l/4

Result (type 6, 435 leaves):

5 1 5 b x* d x4
x|-||25a c(—bc+2ad)AppellF1[f , 1, 7,77,77]/
4 4 a C
13 5 dxt. 5 3
-5acAppellF1[~, =, 1, =, - , - | +x* |4adAppellFi[~, =, 2,
4’ 4 4 a c 4" 4
9 b x* dx* 5 7 9 b x* dx*
~, -——, ———| +3bcAppellF1[=, =, 1, =, - —, - —] +
4 a C 4 4 4 a C
. . s 5 3 9 b x* dx*
b|-9ac(5ac+3bcx*+8adx*+5bdx®) AppellF1|~, =, 1, —, - —, - — | +
4" 4 4 a c
9 3 13 b x* dx*
5x* (a+bx*) (c+dx*) [4adAppellF1[~, =, 2, —, - ——, - — | +
4 4 4 a C
9 7 13 b x4 x4
3bcAppellFl[—, =, 1, —, - ——, - —] /
4’ 4 a c
5 3 9 b x* dx*
-9acAppellFl[~, =, 1, =, - ——, - —| +
4 4 4 a C
9 3 13 bx* dx*
*laadAppellFl[~, =, 2, —, - ——, - — | +
4 4 4 a C
9 7 13 b x* dx*
3bcAppellFl[ =, —, 1, —,——,——}J]]J/(l@d(awx>3/4<c+dx))
4 4 4 a C

Problem 102: Result unnecessarily involves higher level functions.

dx

j(a+bx4)1/4

c+dx?*

Optimal (type 4, 166 leaves, 4 steps):
| Va+bx* E111pt1cP1[ @ Ar‘c51n[

el R

a+bx4 (a+bx4)

2 b1/4 c

Va+bx? ElllpthPl[lE\/aj Arcsln[$}, 1]

a+bx (a+bx4)1/4

2 b1/4 C

Result (type 6, 160 leaves):
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) ) »y -

1 1 5 bx* dx*
[5acx<a+bx4)1/4AppellF1[,,1 })/
4 4 4 a C

. 1 1 5 bx* dx* a
(c+dx*) |5acAppellF1|[—, - =, 1, =, - , - | +x*|-4ad
4’ a4 4 a c
5 1 9 bx* dx* 5 3 9 bx* dx*
AppellFl[ =, - =, 2, =, -——, - ——| +bcAppellF1][ =, =, 1, =, - ——, - ——
4 4 4 a C 4 4 4 a C

Problem 103: Result unnecessarily involves higher level functions

J(a+bx4) 1 o

3/4 (c+dx4>

Optimal (type 4, 259 leaves, 9 steps):

6> (1+ ;7)3/4 x* ELLipticF [ L ArcCot[ 12201, 2]

a

va (bc-ad) (a+bx4)3/4

\/mElllptlcpl[ @ Ar‘cSln[ _bx ], 71]
a+bx“ (a+bx4>1/4

2b1/4c(bc—ad) )

ab4 Va+bx* E111pt1cP1[@ Ar‘cSm[ —bftx } —}

<a+bx“)

2bl/4 ¢ (bc—ad)

Result (type 6, 161 leaves):

1 3 5 b x* 4
5acxAppellFl|[~, =, 1, —, - > /
4 4 4 a C
1 3 5 bx* dx* 5
((a+bx>3/4(c+dx4) -5acAppellfFl[~, =, 1, =, - ——, - ——] +x* |4adAppellF1|~,
4 4 4 a C 4
9 b x4 d x4 5 7 9 b x4 d x4
=, 2, =, - , - | +3bcAppellFi[~, —, 1, =, - s - ]
4 4 a c 4’ 4 4 a c

Problem 104: Result unnecessarily involves higher level functions

J(a+bx“) 1 o

7/4 (C+dx4>

Optimal (type 4, 304 leaves, 10 steps):
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o b2 (2bc-5ad) (1+ ;7)3/4x3 E1lipticF [ L ArcCot[ 2], 2]

a

+

a(bc-ad) (a+bx4)3/4 3a3/2 (bc—ad)z(a+bx4)3/4

a+b x*

a bX4 EllipticPi @, ArcSin L 1
Varbx* Ellipticpi[- pcad Iwerrrilied

2bY4 ¢ (bc—ad)2

Va+bx* EllipticPi [ @ ArcSin [ ] —1}

a+b X4 (a+b x4)

2bl/4 ¢ (bc—ad)

Result (type 6, 343 leaves):

5b 1 3 5 b x* d x4
X |-=——+|25c (2bc-3ad) AppellF1[~, =, 1, =, - , - ] /
a 4" 4 4 a c
A 1 3 5 x4 dx* 5 3
(c+dx*) |-5acAppellF1[~, =, 1, =, - ——, - —— | +x* |4adAppellF1[—, =,
4 4 4 a C 4 4
9 b x* x4 5 7 9 b x* dx4
2, =, -——, -——] +3bcAppellFi[>, =, 1, =, - —, - ——
4 a c 4 4 4 a
5 3 9 b x* dx* 4
18 b cdx*AppellFi[~, =, 1, ~, - ,7—]/ (c+dx*) |-9acAppellFi|
4 4 4 a C
5 3 9 b x* d x* 9 3 13 b x* d x4
=, =51, =, - ——, -——] +x* |4adAppellF1[ =, =, 2, —, - ,o— ]+
4 4 4 a c 4’ 4’ 4 a c
9 7 13 b x* dx4
3bcAppellFl[~, —, 1, —, - —, ]]]} (-bc+ad) (a+bx4)3/4)
4 4 4 a

Problem 105: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx4)11/4 (c+dx4)

Optimal (type 4, 357 leaves, 11 steps):
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b x b(6bc—13ad)x

.
7a (bc-ad) (a+bx“)7/4 21 a2 (bc—ad)2 (a+bx4)3/4

=1, 2]

/4 1
x? E1lipticF [ = ArcCot |
2

b3/2 (12b2c2—38abcd+47a2d2) [1+
b x4

(21a5/2 (bc—ad)3 (a+bx4)3/4) -

Va+bx? E111pt1cP1[ @ Ar‘c51n[ —bx }, —1]
a+bx4 (a+bx4)1’4

2bl/4 ¢ (bc—ad)3

d3 Va+bx?t E111pt1cP1[@ Ar‘cSm[bl/#], -1]
a+b x* r (a+b X4)1/A

2bY4c (bc-ad)?

Result (type 6, 407 leaves):

5b(-16a*d+6b*cx*+ab (9c-13dx*))
+

X

a+bx*

3 5 bx* dx*
) 1: T T T _7} /
4 a C

s e

(25 ac (12b?c?-26abcd+21a*d?) AppellFl[—,

4
4 1 3 5 b x* d x4 5 3
(c+dx*) |5acAppellFl|—, =, 1, =, -——, - ——| -x* |4adAppellF1| =, =,
4 4 4 a C 4 4
9 b x* d x* 5 7 9 b x* d x*
2, =, -——, -——] +3bcAppellF1[=, =, 1, =, - —, - —] ||| +
4 a C 4 4 4 a C
5 3 9 b x* d x4
18abcd (-6bc+13ad) x* AppellF1[~, =, 1, —,——,-—}/
4" 4 4 a c
4 5 3 9 b x* dx*
(c+dx*) |-9acAppellF1[~, =, 1, =, - ——, - — | +
4" 4 4 a c
9 3 13 b x* d x4
*l4adAppellF1[~, =, 2, —, -——, -—| +3bc
4 4 4 a C
9 7 13 b x* dx*
AppellFl[— -, 1, —,——,——} ]] /(1@532 <bc—ad)2(a+bx4>3/4)
4 4 4 a C

Problem 106: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(2 + b x#)11/4
Ji dx
(C +dx4>2

Optimal (type 3, 280 leaves, 11 steps):



Mathematica 11.3 Integration Test Results for 1.1.3.3 (a+b x~n)”p (c+d x~n)”~q.nb | 33

b(2bc-ad) x <a+bx“)3/4 (bc-ad) x (a+bx4)7/4

4cd? 4cd(c+dx4>

b7/4 (8bc-11ad) Ar‘cTan[%} (bc-ad)”* (8bc+3ad) Ar‘cTan[%]
a+ x4 14 CJ/A a+ x4 1/4
. _

8 d3 8 c7/4 d3

b7/4 (8bc-11ad) ArcTanh| —*x ] (bc-ad)”* (8bc+3ad) ArcTanh | -(be-adi®x |

(arbx®) ¥/ /4 (arbx*) Y/

+

8 d3 8 c7/4 d3

Result (type 6, 735 leaves):
1

80 c7/4 d? <c + dx4)

- ( [36ab2 c'/4 (-8bc+11ad) x° AppellFl]

IRV

5
[—9acAppe11F1[, ,1, =, - —, - } + x4 (4adAppe11F1[
4

1

Z k) k) 2: )
b x* d x4

-, - | +bcAppellF1]

9 13 b x* dx*
a C 4

)1J 3 2

5
4 4 a C

3

1

(bc—ad)l/4

432 ¢3/4 g2 (bcfad>1/4x (a+bx4)3/4+4b2c7/4d (bc—ad)l/‘lx5 (a+bx4>3/4+
(bc-ad)**x

2a (-2b*c*+2abcd+3a’d?) (c+dx4)Ar‘cTan[ -
cl/a (b+ax4)1/4

be_ad)?
a(-2b*c*+2abcd+3a’d*) (c+dx*) Log[cl/“fM -
(b+ax4>1/4

bc-ad)¥* bc-ad)"*
w]+za2bc2dLog[cl/4+w +
oo ane brax)
bc-ad)¥* bc-ad)'*
<Ca—)mx]72ab2c2dx“Log[C”4+(Ca—>1/4x]+
(b+ax4> <b+aX4)
(be-ad)™x) s e Log[ere, (267297 x

(b+ax4)1/4 (b+ax4)1/4

5 (8b2c11/4 (bcfad)l/“x (a+bx4)3/4—8abc7/4d (bcfad)l/“x (a+bx4)3/4+

2ab’c’Log[ct/?+

3a%cd? Log[ct/*+

2a’bcd*x* Log[c* +

Problem 107: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J(aerx“)”4

<c+dx4)2

Optimal (type 3, 230leaves, 10 steps):
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7/4 bl//“x
(bc —ad) e (a +bx4)3/4 bl Ar‘cTan[ (a+bx4)1/“]

4cd(c+dx4) ' 2d?

(bc-ad)®* (abc+3ad) ArcTanp@)“—%]
/4 (asbx*) ¥

+
8 c7/4 d2

b7/4 ArcTanh[LX,] (bc-ad)** (abc+3ad) Ar‘cTanh[M)m—x/]
(a+bx4)1/4 /4 (a+bx4)1’4

2d2 N 8c7/4 d2
Result (type 6, 462 leaves):
(bc-ad) x (a+bx*)**

4cd (c+dx?)

4 4
(QabzcstppellFl[S, 1, 1, g, _bx s _dx })/ (Sd (a+bx4)1/4 (c+dx*)
4 4 4 a C
5 1 9 b x* d x4 9 1
[—9acAppe11F1[—, =,1, &, - , - | +x* (4adAppellF1[—, =, 2,
4 4 4 a C 4 4
13 b x* dx* 9 5 13 b x* dx*
y - —, - | +bcAppellFl| =, =, 1, —, - , - ] ])+
4 a C 4 4 4 a C
b _ d 1/4 b _ d 1/4 b _ d 1/4
[Ba2 2 ArcTan| (be-ad)™x —Log[cl/“——c ad) X]+Log[c1/4+—< c-ad)x /
cl/“(b+ax4)1/4 (b+ax“)1/4 (b+ax“)1/4

(16 c’/4 (bcfad)l/“) +
be_ad) /4 bec_ad|l/4
(ab (be-ad)”'x - Log|c —]+Log[c1/4+—< c-ad) " x

cl/4 (b+ax4)1/4 (b+ax4)1/4 (b+ax4)1/4

16 c**d (bc-ad)'*
( )

(bcfad)l/“x

2Ar‘cTan[ 174 _

]

|/

Problem 112: Result unnecessarily involves higher level functions.

dx

J4a+bxﬂ9ﬂ

<c+dx4)2

Optimal (type 4, 353 leaves, 11 steps):
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<a+bx“)1/4 (bc-ad) x (a+bx4)5/4

b(3bc—ad)x
4cd (c+dx?)

4 cd?

a b32 (3bc—a

a

3/4 . .
d) (1+.%)7" % ElllptlcF[iArccOt[%}, 2]

4cd? (a+bx4)3/4

1 | a [ 4
mB(bc—ad) (2bc+ad) 2 b a+bx

— 1/4
EllipticPi|- % ArcSin[<b7X)l/4] s -1 - ﬁ
b p a+bX4 8b ccd

Jbe_ad 1/4
3(bc-ad) (2bc+ad) | 2 ; Vasbxt EllipticPi[\bﬁc\/a:j, ArcSin[(bX)lM], -1]
a+bx b /c a+bx?

Result (type 6, 506 leaves):

1 3 5 bx* dx*
X [(25a2 (-3b>c?+2abcd+3a?d®) AppellF1[~, =, 1, —,7—,,_}/
4 4 4 a c
1 3 5 bx* dx* . 5 3
-5acAppellF1[~, =, 1, =, - ——, - —| +x* |4adAppellF1[ =, =, 2,
4" 4 4 a c 2’ a
9 bx* dx* 5 7 9 bx* dx*
=, -——, -——] +3bcAppellF1[~, —, 1, =, - ——, - —| .
4 a C 4 4 4 a C

( 9ac (5a3d2+3ab2c (5c+2dx4>+a2bd<—10c+7dx4)+b3cx4 (9c+19dx))

5 3 9 b x* dx* . 4
AppellF1[=, =, 1, =, -—, - — | +5x* (a+bx*)
4 4 4 a C
9 3 13 b x* dx*
(-2abcd+a’d®+b’c (3c+2dx?)) (4adAppe11F1[— =,2, =, - , - |+
4 4 4 a C
9 7 13 b x* dx*
3bcAppe11F1[f - 1, —,7—,,7} /
4 4 4 a C
5 3 9 b x* dx*
-9acAppellF1[~, =, 1, =, - , - |+
4" 4 4 a c
9 3 13 b x* d x4
*laadAppellFl[~, =, 2, —, - ——, - — | +
4 4 4 a C
9 7 13 b x* d x4
3bcAppellF1[f - 1, ,—,—})]]J]/(z@dz (a+bx4>3/4<c+dx4)>
4" 4 4 a c

Problem 113: Result unnecessarily involves higher level functions.

J<a+bx4)5/4d]
——dx
<C+dx4)2

Optimal (type 4, 298 leaves, 10 steps):
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(be-ad)x <a+bx4)1/4 Ja b2 (1+ %)3/4)@ EllipticF[iArcCot[%}, 2| 1
4-CC|(C+dX4 4cd(a+bx4>3/4 Jr8[)1/4C2d
Vb 1/4
(2bc+3ad) | \Ja+bx* EllipticPi|- LELRLLE Ar‘cSin[bix},—l]+
a+bx* \/—\/— (a+bx4)1/4

Nrvss 1/4
¥<2bc+3ad) a \Ja+bx* EllipticPi[M, Ar‘cSin[bix], -1]
8bl/4c2d \ a+bxt Vb Ve (a+bx*)¥*

Result (type 6, 440 leaves):

5 1 3 5 b x* dx*
X |-]]25a (bc+3ad)AppellF1[f =, 1, 7,77,77}/
4 4 4 a C

1 3 5 b x* d x4 . 5 3
-5acAppellF1[~, =, 1, =, - , - | +x* |4adAppellFi[~, =, 2,
4" 4 4 a c 4" 4
9 b x* dx* 5 7 9 b x* dx*
~, -——, ———| +3bcAppellF1[=, =, 1, =, - —, - —] +
4 a C 4 4 4 a C
5 3 9 b x* d x*
(Qac(Sazd—3b2cx4+ab(—5c+7dx4))Appe11F1[ T T I
4’ a 4 a c
9 3 13 b x* dx*
5(bc-ad)x* (a+bx*) [4adAppellF1[~, =, 2, —, - —, - — | +
4 4 4 a C
9 7 13 b x* x4
3bcAppellFl[~, —, 1, —, - —, - —] /
4" 4 4 a c
5 3 9 b x* dx*
c|9acAppellFl|[ =, =, 1, =, - ——, - —| -
4 4 4 a C
9 3 13 bx* dx*
*laadAppellF1[~, =, 2, —, - —/—, - — | +
4 4 4 a C
9 7 13 b x* dx*
3bcAppe11F1[— -, 1, —,——,——}J]])]/(Zed(a+bx4)3/4 (c+dx4))
4 4 4 a C

Problem 114: Result unnecessarily involves higher level functions.

b 4\1/4
J(a+ x) x

<c+dx4)2

Optimal (type 4, 308 leaves, 10 steps):
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3/4 . A )
X (a+bx4)1/4 Va b2 (1+ ;7) x3 ElllpthF[lAr‘ccOt[Lj?" ], 2] )

4c (c+dxt) ) c(bc-ad) (a+bx4)3/4

ad bl/4 x
2bc—3ad \Ja+bx* E11li t1cP1 , ArcSin| — |, -1 /
\/ a+bx* : P Vb e [<a+bx4)1/4] ]]

(8bY*c? (bc—ad

d b1/4x
2bc—3ad \Ja+bx* E11li t1cP1 , ArcSin| ———|, -1 /
\la+bx4 : P Vb Ve {(a+bx4>1/4}) }J

(8bY*c* (bc-ad)

Result (type 6, 322 leaves):
5(a+bx4) 13 1 5 bx* dx4] /
4’4774 a2l ¢
1 3 5 b x* dx* . 5
=, =51, =, -——, -——| +x* |[4adAppellF1| -,
4’ 4 4 a C 4
d

X 75 a% AppellF1[ —,

C

[ 5acAppellFl|—,
7 9 bx* dx*

) 1; Ty T T *7}
4 4 a C

/[ 9acAppellFl| =,

9 b x*
4 a

5
- ] +3bcAppellF1[f,
4

9 bx* dx*
Ty T T _—} ) 1)
4 a C

C
3
- 1,
4

5 3
4" 4

5
(18 ab x*AppellF1[ =,
4

9 bx*  dxt 9 3 13 bx* dx*
, -, - | +x* |4adAppellF1| =, =, 2, —, - —, - ]
4 a c 4’ 4 4 a c

2, 1, 2,2 _":4})]]]/(2@ (abxt) 7 (cdxt] |

+

\ (o]

3bcAppellFi| =,

IN

Problem 115: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx“)3/4 (c+dx4>2

Optimal (type 4, 330leaves, 10 steps):
a \3/4 . . 1 b x?
b*2 (4bc-ad) (1+ 2 )7 x* EllipticF[ 2 ArcCot [ 2], 2]

a

d x (a+bx“)1/4

c(bc-ad) (c+dx*) 4\/_c(bc—ad) (a+bx4)3/4
- 1/4
3d (2bc-ad) | WElllptlcPl bc ad Ar‘cSin[bix},—l]/
a+bx? Vb e <a+bx4)1/4

(8bY%c? (bc-ad)?]

d bl/4 x
3d 2bcfad \Ja+bx? E111pt1cP1 , ArcSin| ——|, -1 /
{ \ a+bx* ¢ {(a+bx4)1/4] }J

(8b¥%c? (bc-ad)?)

Result (type 6, 341 leaves):
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5d (a+bx4)

1 3
X ——+[25a<—4bc+3ad)Appe11F1[— =1, =, - , - ] /
C 4 4 4 a C
1 3 5 b x4 dx* . 5 3
-5acAppellfFi[~, =, 1, =, -——, - — | +x* [4adAppellF1[~, =, 2,
4~ 4 4 a c 4~ 4
9 b x* d x4 7 9 b x* d x*
— -, - | +3bcAppellFl[ =, ~, 1, =, - ——, - —| || +
4 a C 4 4 a C
. 5 3 9 b x4 dx* 5 3
18abdx*AppellFl[ =, =, 1, ~, - —, - —| / -9acAppellFl[=, =, 1,
4~ 4 4 a c 4~ 4
9 b x4 d x4 . 9 3 13 b x4 d x4
—y s - | +x* |4adAppellFl| =, =, 2, —, - —, - |+3bc
4 a c 4" 4 4 a c
9 7 13 bx* dx*
AppellFl[=, —, 1, —, - —, })] /(20(bc—ad) (a+bx*)** (crdxt) )
4 4 4 a C

Problem 116: Result unnecessarily involves higher level functions.

J ! dx
(a+bx4)7/4 (c+dx4>2

Optimal (type 4, 390 leaves, 11 steps):
b(4bc+3ad)x dx

12ac (bc—ad)2 (aerx“)z”/4 4c (bc—ad) (a+bx4)3/4 (c+dx4)

a \3/4 1
b*>2 (8b*c®-32abcd+3a’d?) (1+ ) x® EllipticF [ = ArcCot |
2

b x*

(12a3/2c (bc—ad)3 <a+bx4)3/4) n

[ Vbc-ad bl/4 x
d? 10bc—3ad ; \Ja+bx* E111pt1cP1 Ar‘cSin[4], 1]]/
a+bx

Vb Ve (a+bxt)

(8bY%c? (bc-ad)?]

b ad bl/4 x
d*> (1ebc-3ad) | \Ja+bx* EllipticPi[ —————, ArcSin[ ———], -1 /
{ a+bx? : Vb Ve {(a+bx4>1/4}) }]

(8b¥%c? (bc-ad)?|

Result (type 6, 485 leaves):
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3
4
b x* d x*

-b\l—‘

[(25 (8b2c*-24abcd+9a”d?) AppellFl|~,

5
( 5acAppellFl|—, =
4 a c

b x*

9
= ——] +3bcAppellF1[ =,
4 a o

-l>|u‘|

11)

>~ >~ }+X4

7
4

5
4

)1)

9
4

(Qac (15a%d*+21abd’x*+4b>c (5¢c+7dx*)) AppellF1|—,

Z 13 b x* dx*

9acAppellFl| =,

4
3
4
9 3
4adAppellF1[f —
4 4
13 b x* d x*

y - E)

4 a C

13 b x* d x*
»2, —, - ——, -——] +3bcAppellF1]| ~,

C

E

d x*

b x*

a

3
4

(4 adAppellFi[~

y —

5
4
d x4

C

:1:7:_

IN

s o

3
4

]

b x*

)

BN

4
m)/(% (bc-ad)® (a+bxt)** (crdxt))

JZJ

+

dx*

-

1,

Problem 119: Result more than twice size of optimal antiderivative.

j(a+bx4)p (c+dx*)®dx

Optimal (type 6, 79leaves, 3 steps):

bx?) c+dx*)9 |1+
( )
a

4

X (a+bx4)" (1+
c

Result (type 6, 172 leaves):

1 5 b x*
[Sacx <a+bx4)p (c+dx4)qupe11F1[f, -p, -Qy, — - —, 77]
4 4 a
1 5 b x* d x*
5acAppe11F1[—, -p> -4, —» - >~ }+
4 4 a c
5 9 b x4 d x4
bcpAppellFl[ =, 1-p, -q, =, - ——, - — | +
4 4 a C
5 9 b x* d x*
aquppellFl[*,—p,l—q, e }
4 4 a C

q 1
] AppellFl[f, -
4

Problem 122: Result more than twice size of optimal antiderivative.

J(c+dx4)q i

a+bx*

Optimal (type 6, 57 leaves, 2 steps):

| 39
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X (C+dX4>q (1+ %)ﬂAppellFl[iJ 1, -4, i_: _M: _M]

a C
a
Result (type 6, 162 leaves):
1 5 d x* b x*
[Sacx <c+dx4)qupellF1[7, -4, 1, —, -y -] /
4 4 C a
. 1 5 dx* b x* a
(a+bx*) |5acAppellF1[—, -q, 1, =, - , - | +ax* |adq
4 4 C a
5 9 d x* b x* 5 9 d x4 b x*
AppellFl[f, 1-q,1, —, -——, —7] —bcAppellFl[f, -q, 2, —, -—, —7]
4 4 C a 4 4 C a

Problem 123: Result more than twice size of optimal antiderivative.

J(c+dx4)qdlx

(a+bx4)2

Optimal (type 6, 57 leaves, 2 steps):

X (c+dx*)? (1+ %)ﬂAppellFl[i, 2, -q, i, S dd

a2

Result (type 6, 162 leaves):

[Sacx <c+dx4)qupellF1[41, 2, -q, PRI -—]

(a+bx“)2 5acAppe11F1[£, 2, -q, —, - s |+
4 4

4 x4

5
aquppellFl[Z, 2,1-q, =, ——, ——] -

5 9 bx* dx*
2bcAppellFl| =, 3, -q, —, - > - ]
4 4

Problem 130: Result unnecessarily involves imaginary or complex numbers.

E
Jiesr

Optimal (type 3, 147 leaves, 8 steps):

dx

b b
2d b b Vd o fas as®
\/a+x +\/a+x X+\/?<3bc—4ad)Ar‘cTan[ bc?ad ] ) (bc—4ad)Ar‘cTanh{ e ]

cz(c+g) c(c+%) c3vbc-ad \Ja c3

X

Result (type 3, 197 leaves):
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2¢ /a+9x(2d+cx> (bc—4ad)Log[b+2ax+2\/? a+2x}
1 X X

+ +
2¢3 d+cx Va
2ic*|-bd+bcx-2adx-2i+/d /bc-ad a+g X
i+vd (3bc-4ad) Log|-
( > g{ d¥? (3bc-4ad) Vbc-ad (d+cx) ]
Vbc-ad

Problem 131: Result unnecessarily involves imaginary or complex numbers.

i

ot

dx

Optimal (type 3, 213 leaves, 9steps):

3d [a+®B d(llbc—lZad)\/a+9 \/a+9x
X X X
+

2c2(c+i)2 4c®(bc-ad) (c+%) c(c+9)

v fat Jo
\/?(15b2c2—40abcd+24azd2)Ar‘cTan[ " | (bc-6ad)ArcTanh| j_ ]
a

.
4c4(bc—ad)3/2 \a c*

Result (type 3, 275leaves):
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14 2¢ a+9X(—Zad(6d2+9cdx+2c2x2)+bc(11d2+17cdx+4c2x2))/

8c X
4(bc-6ad)Loglb+2ax+2+a a+5 q

(bc—ad) <d+cx)2 + +

| ) 5

—— i+d (15b“c“-40abcd+24a°d

( 1 )3/2 NEl 2 2 2 42

bc-ad

Log[-||8ic®Vbc-ad |-bd+bcx-2adx-2i+d v/bc-ad ar2 x /
(d*2 (15b®c?-48abcd+24a%d?) (d+cx))|]

Problem 137: Result unnecessarily involves imaginary or complex numbers.

Jic

Optimal (type 3, 156 leaves, 8 steps):

bc—2ad | a /a+7x
c+—
X

c? (c+;
\H a+b— a+5
(bc-4ad)Vbc-ad ArcTan | | \/?(3bc—4ad ArcTanh | ~]
bc-ad N Ja
c3+d c?

Result (type 3, 231 leaves):
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2¢c [a+? x(—bc+2ad+acx)
1 X

-— - +
2¢3 d+cx

\E(—3bc+4ad) LOg[b+2aX+2\/? a+EX]+;
X \d \/bc-ad

2¢ [21adx+2\/7\/ c-ad +xnb(dcx)}

i(b*c*-5abcd+4a®d?) Log|

]
Jd Vbc-ad (b2c2—5abcd+4a2d2) (d+cx)

Problem 138: Result unnecessarily involves imaginary or complex numbers.

(a . 9) 3/2
JX dx
(c+3)
Optimal (type 3, 209 leaves, 9 steps):

bc—3ad |a bc4ad)\/a+b a\/a+bx
X X

2c2( +32 4c? (C+%) c(c+f)2
2 2 2 42 Vi e >
3 (b2c?-8abcd+8a?d?) ArcTan| —— ] 3\/?(bc72ad)Ar‘cTanh[ = ]

4c*~/d Vbc-ad c*
Result (type 3, 256 leaves):

2¢ [a+b X (-bc(3d+5cx)+2a(6d?+9cdx+2c?x?))
1 X

8 c* (d+cx)2

1

12\/?(—bc+2ad) Log[b+2ax+2ﬁ T e —
X vJd Vbc-ad

2iadx+2+d vVbc-ad a+§x+1‘1b(d—cx)

3i (b®’c*>-8abcd+8a*d®) Log|
3+/d Vbc-ad (b2c?-8abcd+8a2d?) (d+cx)
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Problem 144: Result unnecessarily involves imaginary or complex numbers.

Jic

Optimal (type 3, 166 leaves, 8 steps):

(bc—Zad) (bc—ad) la+3 a(a+s)3/2x

+

czd(c+g) c(c+§)
3/2 ﬁ a+g 32 a+z—
(bc-ad)®? (bc+4ad)ArcTan| —— | a (5bc4ad)ArcTanh[£ﬁ ]
3

C3 d3/2 C

Result (type 3, 219leaves):

2¢c [a+? x(b2c2—2abcd+a2d(2d+cx))
1 X

-— |- +

2¢3 d(d+cx)

a¥? (—5bc+4ad) Log[b+2ax+2\/? a+9 X] +i
X d3/2

-2iad¥2x+2d+/bc-ad a+bx—ib\/?(d—cx)

X

2c

i(bc-ad)*?(bc+4ad) Log|
(bc-ad)*? (bc+4ad) (d+cx)

Problem 145: Result unnecessarily involves imaginary or complex numbers.

[

Optimal (type 3, 237 leaves, 9 steps):



Mathematica 11.3 Integration Test Results for 1.1.3.3 (a+b x~n)”p (c+d x~n)”~q.nb | 45

2c2d(c+d)2 4c3d(c+9) clcysd)?
X X X
\H a+5 a+2
Vbc-ad (b2c?+8abcd-24a%d?) ArcTan| ~] a¥?(5bc-6ad) ArcTanh] ~]
c-ad Ja
4C4d3/2 c4

Result (type 3, 304 leaves):

1
8 ¢4

1 2¢ a+E x(bzc2 (7d+cx)7abcd(7d+11cx)+2a2d(6d2+9cdx+2c2x2))7
d<d+cx) X

b
4a%? (-5bc+6ad) Log[b+2ax+2\/_ a+ —
X
1
_i (b c3+7ab?c?d-32a’bcd?+242a° d3
d¥2+bc-ad
8c®

~2iad¥2x+2d+/bc-ad a+§x—ib\/?(d—cx)

Log| ]

Vbc-ad (b*c*+7ab2c?d-32a2bcd?+24a*d?) (d+cx)

Problem 151: Result unnecessarily involves imaginary or complex numbers.

=

Optimal (type 3, 172leaves, 8 steps):

d(bc2ad)Ja+: JaJrzx
+

ac? (bc-ad) (c+§) ac(c+%)

A d a2 as?
d3/2 (5bc—4ad)Ar‘cTan[ . dx ] (bc+4ad)Ar‘cTanh[ |
\ c-a \/ a

3 (bc—ad)3/2 - 33/2 3

Result (type 3, 224 leaves):
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. 2c /a+— x (bc(d+cx)-ad(2d+cx))

-— +

2¢3 a(fbc+ad) (d+cx)

(bc+4ad) Log[b+2ax+2+a a+§x]

+ 1 i d3/2 (5bc—4ad>

a3/2 (bc—ad)3/2

Log|
X

2c¢*+\/bc-ad [21adx+2\/—x/ c-ad +—x—1b(d—cx)

(d*2 (5bc-4ad) (d+cx)) |

Problem 152: Result unnecessarily involves imaginary or complex numbers.

J

Optimal (type 3, 250 leaves, 9 steps):

d(2bc—3ad) [a+ d(bc—4ad) (4bc—3ad)\/a+E \/a+9x
X X X
+

a+

x |o

2ac? (bc-ad) (C+%)2 4ac? (bc—ad)z(c+%) ac(c+% 2
\H a+— a+5
d3/2 (35b2c2—56abcd+24a2d2)Ar‘cTan[ | (bc+6ad)Ar‘cTanh[ |
Vbcad - Va
4 c* (bc—ad)S/2 ad/2 ¢4

Result (type 3, 301 leaves):
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8 c?

(4b2c2 (d+cx)2+2a2d2 (6d2+9cdx+2c2x2) ~abcd (19d2+29cdx+8c2x2))

/

4 (bc+6ad) Log[b+2ax+2+a a+§x]
(a (bc—ad)z(d+cx)2)— _

23/2

;jd”z (35b>c*-56abcd+24a%d?)

(bc-ad)®?

Log[8c5(bc—ad)3’/2 -2iadx+2+/d Vbc-ad a+Ex—j1b(d—cx) /
X

(d*/2 (35b*c?-56abcd+24a%d?) (d+cx))]

Problem 158: Result unnecessarily involves imaginary or complex numbers.

1
J 3/2 2 dx
(a+ 2] [+ 2]
X X

Optimal (type 3, 224 leaves, 9 steps):

b(3b2c2—2abcd+2a2d2) d(bc—Zad) X
+ + +
azcz(bc—ad)2 a+g ac2<bc—ad) la+§ (c+g) ac la+g (c+%)
\/(T a+li a+5
d*2 (7bc-4ad) ArcTan| ~] (3bc+4ad)ArcTanh| ]
bc-ad JVa
c3 (bc—ad)s‘/2 a®/2 ¢3

Result (type 3, 290 leaves):
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2¢ a+E x (3b>c? (d+cx) +a*d®’x (2d+cx) +a’bd (2d*-cdx-2c*x?) +
\ X

/(a2 (bc—ad)2 (b+ax) <d+cx)) -

1

2¢3

ab?c (—Zdz—cdx+c2x2>)

(3bc+4ad> Log[b+2ax+2\/? a+§x}
+ 1 i d°/? <7bc—4ad)
a5/2 (bc—ad)S/z

b
_bd+bcx-2adx-21i+d V/bc-ad a+— X

X

2ic? (bc—ad)B/2

/

Log |-

(d”7? (7bc-4ad) (d+cx))

]

Problem 159: Result unnecessarily involves imaginary or complex numbers.

1
3/2 3 dx
(a+9) (c+9)
X X

Optimal (type 3, 320leaves, 10 steps):

3b(2bc-ad) (2b*c?-abcd+4a?d?) d(2bc-3ad)
+ +
4323 (bc—ad)3 [a+® 2ac? (bc-ad) la+ 2 (c+9)2
X X X
d(4b2c?-21abcd+12a%d?) x
+ +
3 2 b d b d)?
dac (bcfad) [a+?2 (c+— ac [a+?2 (c+—)
X X X X
\/F a+— a+E
3d/2 (21b2c2-24abcd+8a2d?) ArcTan]| | 3(bc+2ad)ArcTanh[£x}
Vbead ) /e
4c4<bc—ad)7/2 a®/2 ¢4

Result (type 3, 385leaves):
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8 c?

(—12b“c3 (d+cx)2—4ab3c2 (—3d+cx) (d+cx)2+2a4d3x (6d2+9cdx+2c2x2) +a’bd?

/

(12d3—9cd2x—37c2dx2—12c3x3) +a’b%cd (—27d3—29cd2x+12c2dx2+12c3x3))

12 (bc+2ad) Log[b+2ax+2\/? a+§x}

(az(—bc+ad)3<b+ax) <d+cx)2)— o +

1

—————31id? (21b2c2—24abcd+8a2d2)
(bc—ad)”2

Log[-||8ic® (bc-ad)®?

b
_bd+bcx-2adx-21i+/d Vbc-ad a+— X

X

/

(3d7/? (21b>c®-24abcd+8a’d?) (d+cx))

]

Problem 165: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a2 (e g)

Optimal (type 3, 287 leaves, 10 steps):
b(5b°c?-6abcd+6a2d?) b (bc-2ad) (5b2c?-abcd+a?d?)

+

3a2c2(bc—ad>2(a+§)3/2 a*c? (bc-ad)’ Ja+?
X

d(bc-2ad) X

+

acz(bc—ad) (a+s)3/2(c+§ ac(a+§3/2(c+%>
Jd a2 ar’
d7/2 (9bc—4ad)Ar‘cTan{ | (5bc+4ad) ArcTanh | ~]
Jbc-ad B “a
3 (bc—ad)”z a7/2 ¢3

Result (type 3, 364 leaves):
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6 c3

2 a+E (Ba“d5 (b+ax)2+2b5c3 (bc—ad) (d+cx)—4b4c3 (4bc—7ad) <b+ax) (d+cx)+
\ X

14 b* c* (b+ax)2 (d+cx> -26ab3c3d <b+ax)2 (d+cx) -3a*d* (b+ax)2 (d+cx> +

3ac (bc—ad>3x<b+ax)2(d+cx)>

/(a4 (bc—ad)3 (b+ax)2 (d+cx)) -

3(5bc+4ad)Llog[b+2ax+2vVa [a+2 x]
X 1
.

a’’? (bc—ad)”2

3id7/? (—9bc+4ad)

Log |
X

2¢* (bc—ad)S/2 [21adx+2ﬁ\/bcad a+E x-ib (d-cx)

/
(d°2 (9bc-4ad) (d+cx))]

Problem 166: Result unnecessarily involves imaginary or complex numbers.

1
5/2 ; dx
(a+9) (c+9)
X X

Optimal (type 3, 409 leaves, 11 steps):
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b (20b°c®-36ab?c?d+87a2bcd?-36a*d?)

12 a2 ¢3 (bc—ad)3 (a+%)3/2

+

b (20b*c*-56ab’c3d+24a2b?c?d?-35a*bcd®+12a*d?)

4a3c3 (bc—ad)4 la+§

d(2bc-3ad) d(4b%c?-23abcd+12a%d?) x
+ + -

2ac? (bc-ad) (a+9)3/2(c+§)2 4ac3(bc—ad)z(a+§)3/2(c+i) ac(a+§)3/2(c+9)2

X

+

NES L L
d7/2 (99b2c2—88abcd+24a2d2)Ar‘cTan[ ax] (5bc+6ad)Ar‘cTanh[ ax]
Vbc-ad B \/a_
4c* (bc-ad)”? a’/2 ¢4

Result (type 3, 465 leaves):

1 1

24 c* | g4 <bcfad)4 (b+ax)2 (d+cx)2

2 a+E (Ga“d6 (bc—ad) (b+ax>2+3a4d5(—23bc+12ad) (b+ax)2(d+cx)—
\ X

8b°c* (bc-ad) (d+cx)2+8b5c4 (8bc-17ad) (b+ax) (d+cx)2—
56 b° ¢® <b+ax)2(d+cx)2+128ab4c4d(b+ax)2(d+cx)2+63a“bcd“(b+ax)2
<d+cx)2730a5d5 (b+ax)2(d+cx)2712ac(bcfad)4x(b+ax)2(d+cx>2>+

12 (Sbc+6ad) Log[b+2ax+2va [a+? x|

1
N
a7/2 (bc—ad)g/z
3id’/? (99b2c2-88abcd+24a2d2)

b
—2iadx+2+/d Vbc-ad a+—x—j1b(d—cx)

X

8¢5 (bc—ad)”2

/

Log |

(d°2 (99b*c?-88abcd+24a%d?) (d+cx))]

Problem 170: Result more than twice size of optimal antiderivative.

fle s e

X

q
dx
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Optimal (type 6, 96 leaves, 3 steps):

1 b\ 1P d\ad b(c+i - d(a+9) a+?2
7b(a+— (c+— ——— X2 | AppellFl[1+p, -q, 2, 2+p, - XL, =]
a? (1+p) X X bc-ad bc-ad a

Result (type 6, 206 leaves):
b\P d)a ax CcX
[bd(72+p+q) (a+f] [c+f xAppellFl[l—p—q,—p,—q,Z—p—q,—f,—f}/
X X b d
ax cx
((—1+p+q) (—bd(—2+p+q)AppellF1[1—p—q,—p,—q,2—p—q,—7,——]+
ax cx
x |adpAppellF1[2-p-q,1-p, -q, 3-p-q, - —, - y ]+
ax cx
bchppellFl[Z—p—q,—p,l—q,B—p—q,—f,—f})))
b d

Result (type 4, 205 leaves):

b d a 5 5 . ax? ¢ x?
- a+— Jc+— X - (b+ax)(d+cx)+21adx 1+ 1+
x2 x2 b b d

.. . . bc ) ax
EllipticE[iArcSinh| [ = x|, —]+1i (bc-ad)x |1+

ad b d

EllipticF[jArcSinh[(x}, :—;] /{\/? (b+ax?) (d+cx?)

o |

o |
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Problem 174: Result unnecessarily involves imaginary or complex numbers.

a+ 2
\J\ ( )3/2 dx
d
C + =
Optimal (type 4, 262 leaves, 7 steps):

”L%J FF
LR

2+/d [a+ 2 E111pt1cE Ar‘cCot L}, 1- bfc} b la+ = E111pt1cF ArcCot L}, 1- bfc]

ad ad

o e e e e [ e

Result (type 4, 191 leaves):

- a+3 /icx(b+ax2)+
x2 b

_ a x? ¢ x? L , . a bc , a x?
21ad\/1+ \/1+ EllipticE[iArcsinh[ | = x], —]+1i (bc-2ad) |1+
b d b ad b
2
1+ % EllipticF[i ArcSinh| /i x|, b_c] / /i c? c+i (b+ax?)
d b ad b x?

Problem 175: Result more than twice size of optimal antiderivative.
b \P d
a+—| |c+—
J( X2 [ x2
Optimal (type 6, 79 leaves, 4 steps):
a 3 ’ 1 b\ C i ! 1 d
[ xz) ( ax? ( [ 2

X2 cx
Result (type 6, 252 leaves):

q
dx

-a 1 1 b d
xAppellFl[—;, -P, -Q, ;J - > = ]
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b P d\a 1 3 a x? c x?
[bd(3+2p+2q> [a+ (c+f xAppellFl[~-p-q, -p, -4, —-p-0G, ———, - —— | /
x2 X2 2 2 b d
1 3 ax? c x?
((—1+2p+2q) [bd (3-2p-2q) AppellF1[=-p-q, -p, -G, —-p-Q, -~ - — | +
2 2 b d
5 3 5 a x? c x?
2x? |adpAppellFl|=-p-q,1-p, -, —-p-0, ———, - —— | +
2 2 b d
3 5 ax? c x?
bcqAppellFl[=-p-q, -p,1-q, —-p-q, ——, ——— | ]J
2 2 d
Problem 213: Result more than twice size of optimal antiderivative.
J(a+bx“)p(c+dx”)qd1x
Optimal (type 6, 81 leaves, 3 steps):
bx" )P dxny-a 1 1 bx" dx"
x(a+bx”)p(1+ X) (c+dx“)q[1+ XJ AppellFl[ =, -p, -q, 1+ —, - <, - X]
a C n n a C

Result (type 6, 190 leaves):

s (1) x (abx7)7 (e dx’) Appeltra[ ©, —p, —q, 1+ T, -2, -] /
n

n a c
1 1 b x" dx"
(bcnpx”AppellF1[1+f,1—p,—q,2+—,_ , - ]+
n n a c
1 1 b x" dx"
adnqx"AppellF1[1+f,—p,lfq,2+f,7 , - }Jr
n n a c
1 1 b x" dx"
ac (1+n) AppellF1|~, -p, -q, 1+ —, - , - ]
n n a c

Problem 218: Result more than twice size of optimal antiderivative.

J(a+bx”)p i

c+dx"

Optimal (type 6, 59 leaves, 2 steps):
X (a+bxn>p (1+ bal)ipAppellFl[%: _p) 1: 1+ %) _M) _M}

a C

C

Result (type 6, 180 leaves):

[ac (1+n) X (a+bX”>pAppe11F1[l, p, 1, 1+1) 7bxn, 7dxn})/
n n

a c
1 1 b x" dx" 1
((CerXn) bcannAppellF1[1+ e 17p1 1) 2+ Ty - y - } *aannAppellFl[lJr ) ’p)
n n a c n
1 b x" dx" 1 1 b x" dx"
2,2+=, -——, -—] +ac (1+n) AppellF1[=, -p, 1, 1+ =, - —, - —] ]
n a c n n a c
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Problem 219: Result more than twice size of optimal antiderivative.

j(a+bx”)p ix

(c+dx”)2

Optimal (type 6, 59 leaves, 2 steps):

x (a+bx")P <1+ %)_pAppellFl[i, -p, 2,1+ i, —ba—xn, d:‘"}

c2
Result (type 6, 180 leaves):

[ac (1+n> X (a+bX">pAppellF1[l, -p, 2, 1+1, _bxn _an})/

b)
n n a C

1
, - | -2adnx"AppellF1[1+ ~,
a c n

1 b x" dx" ]

5 1 1 b x" dx"
((c+dx”) (bcnpx“AppellF1[1+7,1—p, 2,2+, -
n n

1 b x" dx"
-p, 3,2+ —, - , - | +ac (1+n) AppellF1]
n a c

s =Py 2,1+ —, - > - ]
n a C

S5 |

Problem 220: Result more than twice size of optimal antiderivative.

(a+bx")P

J T gk
(C +d X”) 3

Optimal (type 6, 59 leaves, 2 steps):

x (a+bx")P (1+ M)ﬂDAppellFl[l, -p,3,1+%, 2 _M}
a n n a C

C3
Result (type 6, 180 leaves):

[ac (1+n) X (a+bx“)pAppe11F1[l, “p, 3,1+ 1, 7bx" dxn})/
n n

5 -
a C

( 03 0 1 1  bx" dx" N 1
c+dx) bcnpx AppellFl[lJr ,1-p,3,2+—, - y - ]73adnx AppellFl[lJr s
n n a C n
1 b x" dx" 1 1 b x" dx"
-p, 4,2+ —, - , - }+ac<1+n>Appe11F1[f,—p,3,1+*,— , - ] ]
n a C n n a C

Problem 222: Result unnecessarily involves higher level functions.

1

J(a + bx“)3 (c + dx")’Alex

Optimal (type 3, 178 leaves, 4 steps):
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(a+bx“) (c+dx”)’3’:7 3anx(a+bx“)2(c+dx”)’2’%
+ +

c(1+3n) c? (1+5n+6n2)
6a’n’x (a+bx") (c+dx”)’1’;’ 6a3n3x(c+dx”)'1/n

3 (1+n) (1+2n) (1+3n) c* (1+n) (1+2n) (1+3n)

Result (type 5, 198 leaves):

1
—x (c+dx”)’1/”
C4
1
2 x| o ; 1 1 1 dx
b3 3 x3n +3a bx"( ; ) Hyper‘geometr‘1c2F1[1+n,4+n,2+n, -2 ]
(1+3n) (c+dx“)3 l+n

1
3ab2x2n ( dc"n);HyDEr‘geometr‘iczFl[2+ ﬁ, 4+1,3,1, 4]

n n C

1+2n

n

n . 1 1 1 dx"
) Hypergeometric2F1[4+ =, =, 1+ —, - ]

n n n C

al [1+

Problem 223: Result unnecessarily involves higher level functions.
J(a+bx“)2 (c+dx”)’3’%d1x

Optimal (type 3, 116 leaves, 3 steps):
X (a+bx")2 (c+dx”)’2’% 2anx (a+bx") (c+dx”>’1’% 2aZn?x (c+dx”>’1/”

c(1+2n) c(1+n) (1+2n) & (1+n) (1+2n)

Result (type 5, 139 leaves):

ix (c+dx”)’1/”

CS
iy L .
b2 c2 521 2abx" ( ax )"HypergeometriczF1[1+ 1341, 0,20, dx)
+
(1+2n) (c+dx“)2 l+n
2 Rk . 11 1 dx"
a (1+ ) Hypergeometric2F1[3+ =, =, 1+ —, - ]
n n n C

Problem 224: Result unnecessarily involves higher level functions.

J(a+bx”) (c +dx”>’2’%d1x

+

+
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Optimal (type 3, 58 leaves, 2 steps):

x(a+bx“) (c+dx”>’1’% anx(c+dx”)'1/n
+
c(1+n) c2<1+n)

Result (type 5, 82leaves):

1
c? (1+n)
L
x(c+dx”)’%ﬂ bcx"+a (1+n) (c+dx") 1+dxn)"Hyper‘geometr‘icZFl[ZJrl, 1,1+1,7dxn}
c n n n c

Problem 228: Attempted integration timed out after 120 seconds.

(c+dx") 2
———dx
(a +b X”) 3
Optimal (type 5, 56 leaves, 1 step):

c2x (c+dx") *"Hypergeometric2F1[3, 1, 1+ %, - (cadx]
n n

a (c+dx")

aB

Result (type 1, 1leaves):

???

Problem 229: Result more than twice size of optimal antiderivative.
J(a+bx”)p (c+dx") 0P ax
Optimal (type 5, 193 leaves, 2 steps):

bx (a+bx) P (codxn) ¥a?

a(bc-ad)n(1+p)

+

c (a+bx") -1-p 1

m (c+dx") --p

. 1 1 (bC—ad) X"

Hypergeometric2F1|[ =, -1-p, 1+ —, _ﬁ
n n a(c+dx

(be+(bc-ad)n(1+p))x (a+bx")"?
| |

] /(ac(bc—ad)n(1+p))

Result (type 5, 1414 leaves):

dx"

C

¢ (Lon) (1020 (Lo3n] x [arbx)7 (eodx?) P (1

1 (bc-ad)x"
Hyper‘geometr‘iCZFl[l, -p, 1+ —, ————

Gamma 2 + 1] Gamma[-p]
n c(a+bx")

n

} +
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c Hypergeometric2F1[1, -p, 2+ &, (2eadx]

n c (a+bx")

—dnx"

c? 1+n

1 1
[(bc -ad) x"Gamma |1+ —] Gamma [1 - p] Hypergeometric2F1[2, 1-p, 3+ —,
n n

/

(—cd (1+3n) (1+n+np) x" (a+bx")? [cz (1+n) (1+2n) (a+bx”)Gamma[2+l]Gamma[—p]
n

(bc-ad) x"

c (a+bx")

]

/ [(1+2n) (a+bx") Gamma[2 + %} Gamma[—p})

1 (bc-ad)x"
Hypergeometric2F1([1, -p, 1+ —, ~————"——
n c(a+bx")

+dnx"|c (1+2n) (a+bx”)Gamma[2+l}

n

1 (b c-a d> X"
Gamma [-p] Hypergeometric2F1[1, -p, 2+ —, ~————

2 e (aron] |+ (bc-ad) (1+n)x"

1 1 (bc-ad)x"
Gamma |1+ —] Gamma[1 - p] Hypergeometric2F1[2, 1-p, 3+ —, ——"—| ] +
n n c(a+bx")

bcn (1+3n)px" (a+bx") (c+dx") [c® (1+n) (1+2n) (a+bx") Gamma[2+1]
n

1 (bc-ad)x"
Gamma[-p] Hypergeometric2F1[1, -p, 1+ —, ——————
n c(a+bx")

dnx"|c (1+2n) (a+bx”)Gamma[2+l]Gamma[—p]
n
1 (bc-ad)x"

Hypergeometric2F1[1, -p, 2+ —, | +(bc-ad) (1+n)x"Gamma |1 + l}
n c(a+bx") n

1 (bc-ad) x”} J+

Gamma[l - p] Hyper‘geometr‘icZFl[Z, 1-p,3+—,
n c(a+bx")
c(1+3n) (a+bx")? (c+dx") |c® (1+n) (1+2n) (a+bx") Gamma |2 + %] Gamma[-p]

i 1 (bc-ad)x"
Hypergeometric2F1[1, -p, 1+ ~,

1
1+2 bx") G 2+ —
2 e (aron] c(1+2n) (a+bx") amma[2 + ~ |

n

| +dnx"

1 (bc-ad)x"
Gamma[-p] Hypergeometric2F1[1, -p, 2+ ~, ——————| + (bc-ad) (1+n) X"
n c(a+bx")

1 1 (bc-ad)x"
Gamma |1+ —| Gamma[1 - p] Hypergeometric2F1[2, 1-p, 3+ —, 7})] +
n n c(a+bx")

n*x" (c+dx") |ac® (-bc+ad) (1+2n) (1+3n)p(a+bx”)Gamma[2+E}
n

1 (bc-ad)x"
Gamma[-p] Hyper‘geometr‘icZFl[Z, 1-p,2+—, ———
n c(a+bx")

|+
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cd(1+3n) (a+bx")? [c (1+2n) (a+bx") Gamma[2+l} Gamma [-p]
n

1 (bc-ad)x"
Hypergeometric2F1[1, -p, 2+ —, —————] + (bc-ad) (1+n) x"
n c(a+bx")
1 1 (bc-ad)x"
Gamma[lJr f} Gamma [l - p] Hyper‘geometr‘icZFl[Z, 1-p, 3+ —, 7} -
n n c(a+bx")

bc(1+n) (1+3n)x" (a+bx") Gamma[1+1} Gamma [l -p]
n

d (bc—ad) X"

bc-ad) x"

Hypergeometric2F1[2, 1-p, 3+ 1, M] -c(1+n) (1+3n) (aerx”)2

n c(a+bx")

1 ) 1 (bc-ad)x"

Gamma |1+ —| Gamma[1 - p] Hypergeometric2F1[2, 1-p, 3+ —, ————
n n c(a+bx")

acn(1+3n)p (a+bx") Gamma[2 + 1] Gamma [-p]
n

1 (bc-ad)x"
Hypergeometric2F1 [2, 1-p,3+—, ———————

0’ ¢ (asbxn) |-2a(-bc+ad)n(1+n) (-1+p)

1))

Problem 230: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

. 1 1 (bc-ad)x"
x" Gamma[1+ ~| Gamma[1 - p] Hypergeometric2F1[3, 2-p, 4+ ~, ——————
n n c(a+bx")

adn-bc (1+n) ad-bcn+adn
J(a+bx”) (bc-ad)n <c+dx”) benadn dX
Optimal (type 3, 57 leaves, 1step):

bc ad
X (@a+bx") (cadn (c4dx") beadn

ac

Result (type 6, 461 leaves):
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adn-bc (1+n) ad-bcn+adn

[ac(—bc+ad) (1+n)x(a+bx“) (bcad)n (c+dx”) benadn

1 bc+bcn-adn bcn—ad(1+n) 1 b x" dx"
AppellF1[~, s O = , - ] /
n bcn-adn (bc—ad)n n a C
1 bc+2bcn-2adn bcn-ad(1+n)
bc(-adn+bc (1+n)) x"AppellF1[1+ —, s B
n bcn-adn (bcfad)n
1 b x" dx" 1 bc+bcn-adn
2+, - , - | -a d(—bcn+ad(1+n))x”Appe11F1[1+—, ,
n a C n bcn-adn
ad-2bcn+2adn 1 b x" dx"
- y &+ T, — y }Jrc(bc—ad) <1+n)
bcn-adn n a C
1 bc+bcn-adn bcn-ad(1+n) 1 bx" dx"
AppellFl[f, , ,1le =, o —, - ]
n bcn-adn (bc—ad)n n a c

Problem 231: Result unnecessarily involves higher level functions.
J(a +bx")? (c+dx") -7 dx
Optimal (type 3, 327 leaves, 5steps):

bx<a+bx”)3 (c+dx”)’3’% (3adn-b (c+3cn)) x(a+bx”)3 (c+dx“)’3’§
3a(bc-ad)n 3ac(bc-ad)n(1+3n)

2ot

(3adn-b(c+3cn))x (asbxn)? (cedx) 2,
c?(bc-ad) (1+5n+6n?)

2an(3adn—b<c+3cn))x(a+bx”) <c+dx”) . 2 a2n? (3adn—b(c+3cn))x(c+dx“)’1/"

c® (bc-ad) (1+n) (1+2n) (1+3n) c* (bc-ad) (1+n) (1+2n) (1+3n)

Result (type 5, 153 leaves):

x (c+dxn)tn [1+ dx“); (Zab (1+2n) x" Hypergeometric2F1[1 + 1, 4+ l, 2+ 1, _dx”] +
c n n n c
n
(1+n) |b x2" Hypergeometric2F1[2 + l, 4+ l, 3+ l, _dax |+
n n n c
a’ (1+2n) Hypergeometric2F1[4 + 1, l, 1+ 1, _dx“] ]J/ (c* (1+n) (1+2n))
nn n c

Problem 232: Result unnecessarily involves higher level functions.
J(a+bx”) (c+dx”>’3’%dlx

Optimal (type 3, 127 leaves, 3 steps):
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(bc—ad)x<c+dx”)’2’:7 (bc+2adn) X (c+dx“)’1’% n (bc+2adn) x(c+dx”)’1/n
+

cd (1+2n) c?d (1+n) (1+2n) c3d (1+n) (1+2n)

Result (type 5, 96 leaves):

~1/n dx" % . 1 1 1 dx"
X (c+dx") 1+ b X" Hypergeometric2F1[1+ =, 3+ =, 2+ —, - |+
c (1+n) c n n n c
X 1 1 dx"
a (1+n) Hypergeometric2F1[3+ =, =, 1+, - ]
n n n c

Problem 233: Result unnecessarily involves higher level functions.
j(c+dx”)’2’i’dlx

Optimal (type 3, 50leaves, 2 steps):
X (c+dx“)’1’% nx (c+dx”)’1/n
+

c(1+n) ¢ (1+n)

Result (type 5, 55leaves):

C

1
x (c+dxn)tn (1+ d"")FHyper‘geometr‘icZFl[Z+ i, i, 143, 4]

c?

Problem 235: Result more than twice size of optimal antiderivative.

(c+dxn) “i/n
J e ax
(a +b X”>2
Optimal (type 5, 127 leaves, 2 steps):

bx(c+dx”)’lTn 1

a(bc-adjn(a+bx") a%(bc-ad)n
bc-ad) x"
(bc(1-n)+adn)x (c+dx”)’1/n Hypergeometric2F1[1, E, 1+ 1, 7&
n n a(c+dx")

Result (type 5, 1070leaves):

Xn

Gamma [ 2 + 1}
n

c? (1+2n) (1+3n>X<a+bx”) <C+dxn)—1/n (1+d

C

“bxn
Gamma |3 + — n” c(arbx)

1 C (c+c n+dnx") Hyper‘geometr‘iczFl[l, 2,2+1%, M]
]
n

Gamma 2 + i]

bc-ad) x"
(2 (bc-ad) nx" (c+dx") Hypergeometric2F1[2, 3, 3+ 1, M

n c (a+bx”>

]

/
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((a+bxn)eamma[3+1})]]/ [cd (1-n) (1+2n) (1+3n)x" (a+bx")?

n

bc-ad) x"

[c (a+bx") (c+cn+dnx") Gamma|[3 + 1} Hypergeometric2F1[1, 2, 2+ l, M} +
n n c(a+bx")

bc-ad) x"

2 (bc-ad)nx" (c+dx") Gamma|2 + 1} Hypergeometric2F1[2, 3, 3+ l, M

n n c(a+bx")

2bcn(1+2n> (1+3n) x" <a+bx”) (c+dx“)
1 [bc-ad)x

[c (a+bx") (c+cn+dnx") Gamma |3+ 1} Hypergeometric2F1(1, 2, 2+ —, |+
n n c(a+bx")
bc-ad) x"
2 (bc-ad)nx" (c+dx") Gamma |2 + 1} Hypergeometric2F1[2, 3, 3+ l, M
n n c(a+bx")

]

c(1+2n) (1+3n) (a+bx”)2(c+dx”)
1 (bc-ad)x"

[c (a+bx") (c+cn+dnx") Gamma|[3 + 1} Hypergeometric2F1[1, 2, 2+ —,
n n c(a+bx")

1 1 (bc-ad)x"
2 (bc-ad)nx" (c+dx") Gamma|2+ ~| Hypergeometric2F1[2, 3, 3+ —, ~———"—— J
n n c(a+bx")

c2d (1+2n) (1+3n) (a+bx")3Gamma[3+l]

n2 x" (c+dx”)
n

1 (bc-ad)x"
Hypergeometric2fF1[1, 2, 2+ =, ———————] +2cd (bc-ad) (1+2n) (1+3n)
n c(a+bx")
bc-ad) x"
x" (a+bx“)2Gamma[2+ 1] Hypergeometric2F1[2, 3, 3+ 1, &] -
n n c(a+bx")
2bc (bc-ad) (1+2n) (1+3n) x" (a+bx") (c+dx") Gamma[2+l]
n

1 (bc-ad)x"
Hypergeometric2fF1[2, 3,3+ =, ————————] +2c (bc-ad) (1+2n) (1+3n)
n c(a+bx")
bc-ad) x"
(a +bx”)2 (c+dx") Gamma[2 + l] Hypergeometric2F1[2, 3, 3+ 1, & +
n n c(a+bx")

2ac (bc-ad) (1+3n) (a+bx") (c+cn+dnx”)Gamma[3+l}
n

1 (bc-ad)x" 5
Hypergeometric2fF1[2, 3,3+ =, ———————] +12a (bc-ad)®n (1+2n)
n c(a+bx")
bc-ad) x"
x" (c+dx") Gamma |2 + 1] Hypergeometric2F1|[3, 4, 4 + 1, &
n n c(a+bx")

]

|

Problem 236: Result more than twice size of optimal antiderivative.
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cdxn)
lerdx)™
(a+bx") 3
Optimal (type 5, 131 leaves, 2 steps):

b )2
x(c+dx) n 1

2a(bc—ad>n<a+bx")2_2~‘:13 (bc-ad)n
1 (bc-ad) x"

c(bc(1-2n)+2adn)x (c+dx")’1/” Hypergeometric2Fi|2, 1, 1+, -
n n a(c+dx")

Result (type 5, 1251 leaves):

1n

c*(1+n) (1+2n) (1+3n) x (c+dx")

dx"
(1+
C

1 (bc-ad)x"
Hypergeometric2F1(1, 3, 1+ ~, —————"—
n c(a+bx")

Gamma [ 2 + 1}
n

C Hyper‘geometr‘icZFl[l, 3,2+ 1%, M]
n

Lany c (a+b x")
c? 1+n
1 1 (bc-ad)x"
[3 (bc-ad) x"Gamma|1+ ~| Hypergeometric2F1[2, 4, 3+ —, | /
n n c(a+bx")

[(1+2n) (a+bx”)Gamma{2+%]]

/

(cd (1-2n) (1+3n) X" (a+bx”)2 [cz (1+n) (1+2n) <a+bx”)Gamma[2+%]

1 (bc-ad)x"
Hypergeometric2F1(1, 3, 1+ ~, ~——————| +
n c(a+bx")
1 1 (bc-ad)x"
c(1+2n) (a+bx") Gamma |2 + —| Hypergeometric2F1(1, 3, 2+ =, ~—————————
n n c(a+bx")

1 1 (bc-ad)x"
3 (bc-ad) (1+n)x"Gamma|1+ ~| Hypergeometric2F1[2, 4, 3+ —,
n n c(a+bx")

dnx"

|+

1))

3bcn (1+3n) x" (a+bx") (c+dx") [c® (1+n) (1+2n) (a+bx“)Gamma[2+l}
n

1 (bc-ad)x"
Hyper‘geometr‘icZFl[l, 3,1+ —, 7] +
n c(a+bx")
bc-ad) x"
dnx"|c (1+2n) (a+bx") Gamma|2 + l] Hypergeometric2F1[1, 3, 2+ l, (be-ad)x
n n c(a+bx")

]+
bc-ad) x"

3 (bc-ad) (1+n) x"Gamma[1 + l} Hypergeometric2F1[2, 4, 3 + l, M} ] -
n n c(a+bx")
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c(1+3n) (a+bx")? (cedx") [ (14n) (1+2n) (a+bx”)Gamma[2+%]

1 (bc-ad)x"
Hypergeometric2F1[1, 3, 1+ ~, ~——"— ] +

n c(a+bx")

1 (bcfad) X"

dnx"|c (1+2n) (a+bx") Gamma|2 + 1] Hypergeometric2F1[1, 3, 2+ —,
n
1))

n c (a+bx")

1 1 (bc-ad)x"
3 (bc-ad) (1+n)x"Gamma|1+ —| Hypergeometric2F1[2, 4, 3+ —, ~————
n n c(a+bx")

3ac’ (-bc+ad) (1+2n) (1+3n) (a+bx”)Gamma[2+l}
n

n*x" (c+dx")

1 (bc-ad)x"
Hypergeometric2F1(2, 4, 2+ —, ———————
n c(a+bx")

| -cd (1+3n) (a+bx“)2

c(1+2n) (a+bx") Gamma[2 + —| Hypergeometric2F1[1, 3, 2+ —,
n n c(a+bx")

1 1 (bc-ad)x"
3 (bc-ad) (1+n)x"Gamma|1+ ~| Hypergeometric2F1[2, 4, 3+ —, ~————"——
n n c(a+bx")

3d (bc-ad) x"

bc(1+n) (1+3n)x" (a+bx") Gamma [1 + 1] Hypergeometric2Fi|
n

bc-ad) x"
2, 4, 3+1, u] -c(1+n) (1+3n) (a+bx”)zGamma[1+l}
n c(a+bx") n

1 (bc—ad) XN
Hypergeometric2F1[2, 4,3+ ~, ——————"——
n c(a+bx")

1 1 (bc-ad)x"
Gamma[ZJr f} Hyper‘geometr‘icZFl[Z, 4,3+ —) —
n n c(a+bx")

|-acn(1+3n) (a+bx")

| +8a (-bc+ad)

)

1 1 (bc-ad)x"
n (1+n) x"Gamma[1+ ~| Hypergeometric2F1[3, 5, 4+ —, — "
n n c(a+bx")

]

Problem 237: Attempted integration timed out after 120 seconds.

cdxn) P
lerdx)™r
(a+bx)*
Optimal (type 5, 133 leaves, 2 steps):

ny3->
bx(c+dx) n 1

3a(bc-ad)n <a+bx”)3 38 (bc-ad)n
1 (bc-ad) x"

c®>(bc(1-3n)+3adn)x (c+dx”)’1/n Hypergeometric2Fi|3, 1, 1+=, -
n n a(c+dxn)

]

Result (type 1, 1leaves):



Mathematica 11.3 Integration Test Results for 1.1.3.3 (a+b x~n)”p (c+d x~n)”~q.nb | 65

???

Problem 242: Result unnecessarily involves imaginary or complex numbers.

dx

J\/—c+dx Ve+dx (a+bx?)

X3

Optimal (type 3, 96 leaves, 5 steps):

-c+d x c+d x
av/—crdx Vcrdx [(2bc?-ad?)ArcTan| ]
bv-c+dx VJc+dx - Voe Ve _ c

2 x? 2c

Result (type 3, 105leaves):

v-c+dx Vec+dx (-a+2bx?)
2

1
2

i
+[21’1bc— ]

X

adz] 4ic-4+/-c+dx Vc+dx
Log|

C 2bcZx-ad?x

Problem 243: Result unnecessarily involves imaginary or complex numbers.

J\/—c+dx Ve+dx (a+bx?)

dx

x5

Optimal (type 3, 121 leaves, 5steps):
(4bc?+ad?) V-c+dx Vc+dx

8 cZ x2

+

a (7c+dx)3/2 (c+dx>3/2 ) d? <4bc2+ad2>Ar‘cTan[@xc\@}
4 c2 x4 8c3

Result (type 3, 132leaves):

1

8 c3 x4

[C\/—c+dx Ve+dx (-2ac?-4bc?x*+ad’x?) -

16 c? (—J‘lc+\/—c+dx \/c+dx)

i d? (4bc2+ad2) X4L0g[ d2 <4l’)C2 ad2>
. X

Problem 266: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
x3vV-c+dx VJcrdx

Optimal (type 3, 76 leaves, 3 steps):

a/-c+dx Vc+dx N (2bc*+ad?) ArcTan [ ¥ Xc e |
2c?x? 2¢3

Result (type 3, 103 leaves):
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4c? (—i c+\/-c+dx c+dx ) ]

acV-c+dx Vc+dx -i (2bc?+ad?) x? Log| e d] X

2c3x?

Problem 268: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
x5 -c+dx VJcrdx

Optimal (type 3, 123 leaves, 5steps):

av-c+dx VJcrdx (4bc?2+3ad?)\/-c+dx Vc+dx
+
4c?x4 8 ¢4 x2

d? (4bc?+3ad?) Ar‘cTan[M]

C

+

8c®
Result (type 3, 135leaves):

1

8 c®x*

[C\/—c+dx Ve+dx (2ac®?+4bc*x*+3ad*x?) -

16 c* (—J‘Lc+\/—c+dx \/c+dx)
id? (4bc?+3ad?) x* Log|

d? (4bc?+3ad?) x

Problem 276: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
x3 (7c+dx)3/2 (c+dx)3/2

Optimal (type 3, 117 leaves, 5steps):
(2bc?+3ad?) ArcTan [ M]

C

2bc?+3ad? a

— + —

2c4/-c+dx Verdx 2c2x2/-c+dx VJec+dx 2¢c®

Result (type 3, 126 leaves):
-2bc3x?+a (c3-3cd*x?)

x2+/-c+dx +/c+dx

. 4ic®-4c*/-c+dx Jc+dx
+1i(2bc?+3ad?) Lo
( ) g[ 2bc?x+3ad?x }

2¢°

Problem 278: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
x5 (7c+dx)3/2 (c+dx)3/2

Optimal (type 3, 166 leaves, 7 steps):
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3d2<4bc2+58d2> a
- + +

8c6/-crdx Vc+rdx 4c2x*/-c+dx Vec+dx
3d* (4bc?+5ad?) Ar‘cTan[lZ:’c+dx crdx ]

C

4bc?+5ad?

8c*x2+/-c+dx Jc+dx 8c’

Result (type 3, 157 leaves):
1 (4bc3x? <c273d2x2) +ra (2c5+5c3d2x2—15cd4x4)

8c’ x*V-c+dx Vc+dx

161 ¢’ -16c6+-c+dx Vec+dx

12bc?d?x+15ad*x

+

3i (4bc*d®+5ad*) Log|

]

Problem 280: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

x’% (c+dx?)
dx
v-a+bx Va+bx
Optimal (type 3, 53 leaves, 1 step):
( C d

b?c

X veaa/-a+bx Va+bx

. 9
a? b?

Result (type 6, 1424 leaves):

- ! d <b2c+a2d> xszli;d

b*V-a+bx Varbx [1-%X
a

1 , 1 b% c b% c b? x2
-=(a-bx) (a+bx) Hypergeometric2F1[-—, - ,1- s |+
C 2 2 (b*c+a%d) 2 (b2 c+a%d) a2
5 5 b x b? ¢ 11 a’d bx bx
ab (a—bx) 1+—AppellF1[——,——, - ), —,——} /
a b%2c+a%d 2 2 b2c+a*d a a
b x 3 b2 c 1 1 ad b x b x
1-— |2a dAppellFl[f—,f—, T T —)*_}*
a b2c+a%d 2 2 b?c+a*d a a
5 5 azd 1 3 b2c+2a’d bx b x
b (b>c+a*d) x |[AppellFl|—————, - =, =, ——————, —, - — | +
b%2c+a%d 2 2 b?c+a?d a a
a%d b2 c 3a%d b2 x2

. 1
Hyper‘geometr'lcPFQH;, 2 (b cad) ieiaid o (b2c+a?d) )

| 67
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b x b2 c 1 1 azd b x b x
1+— AppellFl[- ————, - =, =, ————, =, _ }/
a b2c+a%d 2 2 b?2c+a’d a a
3 b2 c 1 1 a%d b x b x
2a®dAppellFl[- ———, - =, =, ———, —, - —| -
b2c+a%d 2 2 b?2c+a’d a a
5 5 a%d 1 3 b2c+2a%d bx b x
b (b>c+a’d) x |AppellFl| —————, - =, = —, -]+
b2c+a%d 2 2 b?c+a?d a a
. 1 a2d b2 c 3a%d b2 x2
HypergeometricPFQ[{ -, }s { + s
2 2 (b2c+a’d) b2c+a?d 2(b2c+a2d) a?
, ) b x b? ¢ 1 1 a’d bx bx
ab (a+bx) 1-— AppellFl[— ) —y m—y —— *,77} /
a b2c+a?d 2 2 b2c+a’d a a
b x 3 b2 c 1 1 a%d b x b x
1+— |2a’dAppellF1|- T e
a b2c+a%*d 2 2 b%’c+a’d a a
5 5 a%d 3 1 b?c+2a%d bx b x
b (b c+a”d) x |AppellF1] s e, ————, —, - — ]+
b2c+a?d 2 2 b?c+a?d a a
. 1 a’d b2 ¢ 3aZd b2 x?
HypergeometricPFQ[{ -,

2 2(b2c+a2d> ’ b2c+a2d+2(b2c+a2d) a2

] y - El 2 k]
a b2c+a?d 2 2 b2c+a’d a

b x b2 c 1 1 a%d b x b x
1-— AppellFl[- ———, =, - =, ———— -—] /
a

b x
1+ —

3 b2 ¢ 1 1 a’d b x b x
c 2a®dAppellFl[- ———, =, - =, ————, —, - — | +
a b2c+a?d 2 2 b?2c+a*d a a
5 5 a’d 3 1 b%>c+2a?d bx b x
b (b>c+a?d) x |AppellFl[ ———, =, - =, —————, —, - — | +
b2c+a?d 2 2 b%c+a%d a a
. 1 a’d b2 ¢ 3aZd b2 x?
HypergeometricPFQ[{ -, s + , ]
2 2 (b’c+a’d) b’c+a*d 2 (b*c+a’d) a?

Problem 281: Unable to integrate problem.

1
Jo1-vx 14X VIex
Optimal (type 3, 36leaves, 3 steps):

dx

J .

J .
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\/1-x ArcSin[x]
Jo1-vx A-1ex
Result (type 8, 34 leaves):

1

\/717\/Y \/71+ﬁ A1+x

dx

Problem 282: Unable to integrate problem.
1
Ja-bvx Jasbyx valibix
Optimal (type 3, 75leaves, 4 steps):
ZmArcTan[@]

a2+b? x
bzx/a—b\/; \/a+b\/7
Result (type 8, 43 leaves):

dx

1

Ja-bvx Jarbyx valibix

dx

Problem 283: Unable to integrate problem.
J(a—bx”)p (a+bx")P (c+dx?")*dx

Optimal (type 6, 113 leaves, 4 steps):

b2 X2n -p

x(a—bx”)”(a+bx”)p[1— - (c+dx2“)q
dx2n) 4 1 1 1 b2 x2n d x2n
1+ AppellFl[f, -p, -9, — [2+ f), > —
C 2n 2 n a2 C

Result (type 8, 33 leaves):

J(afbx”)p (a+bx")? (c+dx2")9dx

Problem 284: Unable to integrate problem.

J(a—bx”)p (a+bx")P (a?+b?x*")P dx

Optimal (type 5, 87 leaves, 4 steps):
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b4 X4n

-p 4.4
x(abx”)p(a+bx“)p(a2+b2x2”)p(1 ! 1[ 1),bx”
4

Hypergeometric2F1 [ — —P,
4n

a4
Result (type 8, 37 leaves):

J(afbx“)p (a+bx")P (a2 +b2x2")P dx

Problem 285: Result more than twice size of optimal antiderivative.
J [cedem)?
(a-bx") (a+bx")

Optimal (type 6, 76 leaves, 3 steps):

1 dx2n)P 1
—x (c+dx*")P (1+ ) AppellFl[—, 1, -p,
2n

1 b2X2n dXZn
(2+—J, y —
a? C

1
2 n a? C

Result (type 6, 258 leaves):

2n 2y2n
[azc(1+2n>x(c+dx2“)pAppe11F1[i,—p, 1,1+i,—dx ’bx ]J/
2n

2n C a?
1 1 dXZn bZXZn
((azbzx“) [ZazdanZ”AppellFl[lJr—,lp, 1,2+ —, - s ]+
2n 2n c a?
R . 1 1 dXZn b2X2n
2b% cnx?"AppellFl[1+ —, -p, 2,2+ —, - ) |+
2n 2n C a?

s 1 1 dXZn b2X2n
a c(1+2n>Appe11F1[f,fp, 1,1+ —, - ’ ]
2n 2n c a?

Problem 286: Unable to integrate problem.

-1-2n-np
n

2d
J(abx”/z)p(a+bx“/2)p a2d (1+p)
b2 (1+ 7172n7ng>
n

Optimal (type 3, 96 leaves, 2 steps):

+dx"

dx

1+n+np

b2 (1+n+np) x (a—bx“/z)1+ID (a+bx”/2)1+p (——(—p—)—a;d” Lol gxn)  n
b* (1+n+np)

a*dn (1+p)

Result (type 8, 78 leaves):

-1-2n-np

Zd 1 n
(a-bx"2)P (a+bx"?)P ad | +p) +dx" dx
b2 (1+ —1—2n—n|:_))
n
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Summary of Integration Test Results

286 integration problems

A - 194 optimal antiderivatives

B - 19 more than twice size of optimal antiderivatives
C - 66 unnecessarily complex antiderivatives

D - 5unable tointegrate problems

E - 2integration timeouts



